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Abstract

We introduced a two-step method of multipole expansions for the inverse gra-
vimetry problem in two- and three- dimensions. The source was regularized
to be elliptic or rectangular for efficiency and robustness. In the first step, we
estimated the center of the source by back tracing the measured gravity fields.
In the second step, we solved a linear system with the measured gravity fields
to estimate the mass, dipole, and quadruple of the source expanded about the
estimated source center, then solved the nonlinear equations for the source
parameters. We derived the error bounds for the parameters of the source in the
presence of measurement noises. We demonstrated the accuracy and robustness
of the method by numerical examples.

Keywords: inverse gravimetry, multipole expansion, error analysis
1. Introduction

The inverse gravimetry problem has been studied for decades [1-4]. Microgravimetric sur-
veying techniques have been utilized to detect natural (see [3, 4]) and man-made (see [5])
underground cavities. The inverse gravimetry problem is severely ill-posed [1]. In this paper,
we seek the two- or three- dimensional source ) with a uniform mass distribution from the
gravity field measured at a few points around (2. The uniqueness of the inverse problem is not
guaranteed in general. However, [1] established the uniqueness for sources that is either star-
shaped with respect to its center of gravity or convex in one direction. Isakov [1] also proved
the logarithmic-type stability estimate for star-shaped sources.

Level set method has been studied to recover the source from partial data [2, 6]. The linear
mapping from the source to the gravity field around it has exponentially fast decreasing singu-
lar values [6]. It was demonstrated in [7] that one could only expect to find four to seven para-
meters describing the source. Recently, Isakov and Titi proposed to use the multipole expansion
to solve the inverse gravimetry problem for two-dimensional sources in [8] and extended the
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method to simplified three-dimensional sources in [9]. For the level set method, the gravity
field was measured on a mesh in a manifold around €2, and the source was reconstructed by
solving a PDE. In contract, the gravity field only need to be measured at a few scattered points
around 2 for the multipole expansion method, and the reconstruction of the source is a mostly
linear process, which is highly efficient and more feasible for the error analysis.

Our inverse gravimetry problem seeks the domain €2 of the source with uniform density
in R? or R? from the gravity fields measured at a few points around (). Since the domain
is not uniquely determined by discrete data, we regularize the domain to be either elliptic or
rectangular as in [8, 9]. The gravity field is a nonlinear function of the location and shape of the
source domain. The inverse problem can be solved by an iterative solver such as the gradient
descent method. However, the gravity fields for a three-dimensional source are calculated by
triple integrals, which are computationally expensive, even with the fast implementation using
polar coordinates [2] or low rank approximation [6]. Moreover, it is hard to analyze the error
and convergence of the iterative solver, and it may lead to spurious solutions. Instead we use
the multipole expansion of the gravity field, which gives a system of linear equations, to find
the approximate geometry of the source. The non-iterative solver is efficient and gives a unique
solution with provable error bounds.

We adopt the following notations in the paper. The dimension of the source is denoted by
d. The vector g(r) denotes the exact gravity field at r and g; denotes the measured gravity
field at r; with possible noise. The vector r. denotes the center of gravity of the source. R =
min; ;¢ ||| and R, = min;¢;<n||r; — r¢|| are the minimum distance from the measuring
points to the origin and r.. For a vector r, r = ||r|| and £ = r/r. For a parameter p, p is the
estimated value of p from the measured gravity fields, and ép = p — p.

In section 2, we generalize the method of multipole expansion in [8, 9] and introduce a two-
step method of multipole expansion for 2D and 3D inverse gravimetry problems. In section 3,
we derive the error bounds for each step in the proposed method in the presence of noises in
the measurements. In section 4, we demonstrated the accuracy and robustness of the algorithm
by numerical examples. In section 5, we make comments and draw conclusions.

2. Algorithm for inverse gravimetry

2.1. Two-dimensional multipole expansion

Following [8], we study the inverse gravimetry problem in two dimensions. The source is
regularized to be an ellipse or a rectangle due to the presence of the background noise in
the measurements. We measure the gravity at a few points around the source and infer the
geometry of the source from the measurements. Let ¢(r) be the gravitational potential of a
uniform source in a domain Q C R2,

é(r)= —/an||r—r'||dr'.

For convenience the density of the source is set to —2mw. The negative density rep-
resents a cavity, which is common for inverse gravimetry. The multipole expansion
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about the origin gives

In|r—r’ Inr+ Ir /Hl 1(0—0")=—1 +fTr/
—In|r—r'||=—1Inr E =—Inr
,

z(fTr/> )P

3 +0(r ), (1)

where r = ||r||, £ =r/r, 6 and 6’ are the azimuthal angle of r and r’ respectively. Let

M:/dr’, p:/r’dr’7 Q= / (2r'r'" — ||r’|*T) dr’
" Q

be the first three harmonic moments. Then

TQI’

o(r ):fMlnrJr;Jr 72

+0(r?).
The gravity at r is

e
g = -Vom =T+ HERL IO E 0.

r? r

Noticing that Q is symmetric and TrQ = 0, we set q = (Q11,Q12)" as the free parameters of Q.
There are five multipole parameters of the source, namely, (M;p;q), where the semicolons rep-
resent vertical concatenation. Denote the gravity fields measured at the N points {ry,--- ,ry}
by {g;, - 8y} We introduce the auxiliary vector that has the dimension of the gravity field,

v=(M/R,p/R*,q/R’),

where R = min;¢;<n||ri||. The estimated multipole parameters are given by the least squares
solution to the linear system

AV=g=(g;;-;8y), 3)

where A is a dimensionless 2N X 5 matrix that satisfies

Av=g,=(gp(r1); ;8o (rn)),
where

Mi  28iTp—p  2iTQF — OF
gQ (I‘) = 7 + 7'2 + }’3 )

in which Q is determined by q. We assume rank(A) = 5, so that it has a unique least squares
solution v =A"g, where A" is the pseudoinverse of A.

An ellipse or a rectangle has five free parameters, namely, the center r., the half axes a =
(a1,az2) with a; > ay, and the azimuthal angle of the first half axis o € (—7/2,7/2]. There is
a one-to-one mapping from {r.,a, o } to {M,p, q}, except for the case a; = a, for which o is
arbitrary. We estimate {r.,a, o} by applying the inverse mapping to {M, p, q}. The estimated

3
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center of the cavity is r. = p/ M, from which we compute the quadruple relative to the center
of the source,

0, =0 — M (285! — |[F|*1).
For an elliptic or rectangular cavity,
M M .
(@) = o (af —a3)cos (2a1), (Qr)y, = o (at —a3) sin 2a4),

where cg is 4 for an elliptic cavity and 3 for a rectangular cavity. We can estimate a7 — a3 and
aj by

1 - -
@ =@ =2V (0),+(@) @ =5ae((2),+1(0),).

The product of two half-axes, a;a,, is estimated by M/ for an ellipse and M /4 for a rectangle.
By the identity

2
lalP =/ (@ - &) +4(a1ar)’,

we can estimate the value of ||a||?, and then a; and a,.

2.2. Three-dimensional multipole expansion

We generalize the method for three dimensional sources in [9]. For a 3D source with uniform
density of —4, the gravitational potential is

1 /
¢(r):/ﬂmdr .

The multipole expansion is

e’} A A 2
1 [ 1 T 3(eTe’)" = |Ir)? .
p— P . = -_— — —————————————————————————— 0 4
[r—r/] ; ritl I(E-F) e T 2r3 +0(™), @)

where P; is the Legendre polynomial. In terms of the first three harmonic moments,

M:/dr’, p:/r’dr’7 Q:/ (3r'r —||r'|*T) dr’,
0 Q 0

Lo,

A /\AT _ /\AT /\_ A
g(r):—v¢(r):$+ SITp-p ST QZI;A 2Qr+0(r_5). )

3

Since Q is symmetric and TrQ = 0, we set @ = (Q11, 022, 012, Q13,023) " as the free parameters
of Q. With the auxiliary vector

v=(M/R*p/R’,q/R"),
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where R = min; ¢;¢y ||1;]|, the nine multipole parameters of the source can be estimated by the
least squares solution to the linear system

AV=g=(g;; " ;8y), (6)
where A is a dimensionless 3N x 9 matrix that satisfies
Av = (gQ (r1);-- §gQ(rN)) )

where

Mt 3ff’p—p SrFTQr —20rF
go(r) = 72 r + 2r4 '
We assume rank(A) =9, so that it has a unique least squares solution v = ATg, where AT is
the pseudoinverse of A.
Assume the source is an ellipsoid or a rectangular prism. Let a = (a1,a3,a3) witha; > a >
az and U = (uy,uy,u3) be an orthogonal matrix such that {a;u;,a,u;,asu;3} are the three half

axes of ). We estimate {r.,a, U}, which has nine degrees of freedom, from {M,$,q}. The
estimated center is ¥, = p/M, from which we estimate the quadruple relative to the center,

0, =0 — M (3t.x; — [F||*]).
With ¢p =5 for an ellipsoid and ¢y = 3 for a rectangular prism,

0, = %U(S.D— lal|*1) U,
Co

where D = diag(a},a3,a3). Diagonalizing coQ,/M, we estimate u;’s by the eigenvectors and
\i = 3a? — ||a||? by the eigenvalues. The product of three half-axes, P = ajayas, is estimated
by 3M/(4x) for an ellipsoid and M/8 for a rectangular prism. We approximate ||a||> by the
unique root to the cubic equation

(x+ A1) (x4 A2) (x+ A3) = 27P%,

that satisfies x > —\; for 1 < i < 3. Explicitly,

2l e P ola_ ¢ P
||a||—\/2+ 4+27+\/2 T

where p = A\ X2+ M3 + A3Ai, g =27P> — A\ X\ \s. Lastly, we recover the half-axes by
ai =+/([lall*+ ;) /3.

2.3. Center of the multipole expansion

The multipole expansion is accurate only if the size of source and the distance from its
center to the center of the expansion are both small compared to R, the minimum distance
from the measuring points to the center of the expansion. If we set the origin to be the cen-
ter of the multipole expansion as in [8], the relative error in the quadruple expansion is at
least of order ||r.||*/R* (cf equation (10)), which gives a relative error of order ||r.||*/(aiR)

5
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(cf equations (11) and (12)) in the estimated half axes. For a small source relatively far away
from the origin (||r.||/a; > 1), the reconstructed source size has large error.

We call the multipole expansion about the origin the one-step method. To reduce the error
in the multipole expansion, we propose a two-step method. First we estimate the center of
the source by back tracing the measured gravity fields, then we reconstruct the elliptical or
rectangular source by the multipole expansion about the estimated center of the source.

Denote R. = min; <y ||r; — I¢||. For a; smaller than R, the direction of r; — r. is close to
that of the measured field g; for 1 < i < N. Sor, is close to the line L; defined by r(¢) = r; + g,
for 1 < i< N. We estimate r, to be the point that minimizes

flre) =" dist(re, L)

i=1
By setting the gradient of f{-) to zero, we see that the estimated r, denoted by r.o, satisfies

N N

Z (I—gg)reo = Z (I—gg)r;, (N

i=1 i=1

where g; = g,/||g;||- The approximate center r.o is uniquely determined so long as the N fields
g; are not all parallel. We will show that r. is close to the actual center of the source r,, so
that the multipole expansion about r,y has a small error.

3. Error analysis

We find the error bounds for the geometric parameters of the source computed by the one-step
and two-step methods. We assume the noise level is €, i.e. for 1 <i <N,

g —g(r) || < ellglr) |- @)
Throughout the paper, we simplify ||A™||o as ||[AT||. Denote by U the orthogonal matrix com-
posed of the unit vectors along the half-axes.

3.1. Error bounds for the one-step method

Theorem 3.1. Assume that ||r.|| + a; < R. For the one-step method, the error bounds of M and
r. are

oM N [orcll _ Ry
— =||A7]|O —— =—||AT]|O0(¢). 9
o= jatiow, 1l = Kyarjoq ©)
where
re|| (Ire|? +a} 1
€= M L4 + €. (10)

R3 R*

For a 2D source, the error bounds of a and U are

da R? R?
loall _ Ry a0y, fou) = A0 an

G @ e
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For a 3D source, the error bounds of a and U are

R? R?
lato), 50:(2 - 2)||A+||0<e>. (12)
ay—a; a;—aj

|da] _ R
a) -

Proof. We compute the error of the multiple expansion about the origin. For a 2D source, by
equation (1),

\ ’H’

g(r)—gy(r)=-V
Q13

(1(6—06"))dr

The octuple term, which vanishes for a symmetric source centered at the origin, is bounded by

H /H /HSCOS (6—0"))dr :0<M||rc||(||rc||2+a%)>.

1,44
The 16-tuple term is bounded by

2
[e/]* YN (lIrell* +ai)
HV/Q g cos(4(6—6"))dr (0] M7r5 .

The sum of the remaining terms is bounded by
S CL)] y L iM (el +)
TR (e o IS 2T

Z/H >

M(|lrcl| +ar)’
(r=lIrel| =a)r®

Since (||r.||+a1)/R< 1,

&)~ g0 @) = 2] -0 (””<””+) " ,4) .

73
Combined with equation (8), for I <i <N,
lgi — go(r:)ll = llg(ri)ll - O(e), (13)
where € is given by equation (10). By equation (3), v—v =A% (g — gQ), SO
IV = Vlloo <IA*locllg — golloc = AT MR ™' O (€).
which implies

M — M| =M|A*]|0(e), [[p—pll=MR|AT]|O(e),
G —all = MR*[AT[[O(e).

It follows that the error bounds for M and r. are given by equation (9). Since ||§Q| =
MR?||A*||O(e), |60,|| = MR?||AT||O(€) and §(a? — a3) = R*||AT||O(€). Since M is propor-
tional to ajay, d(aja;) = ayaz||AT]|O(¢). We can obtain da; and da, from the two equations

7
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above. Combined with ||[0U|| = O(||6Q,||/]|O-|), we get the error bounds for a and U as in
equation (11).
For a 3D source, by equation (4),
/Hl

ym%m—végygguﬁmﬁc

Since

P(E-F')
A

which can be proved using the limits,

ZEI&PI (cos (x/1)) = Jo (x), ll_l}l})lo sin (/1) Z_(;OS (/1)) =J;(x),

and the inequality J3(x) 4+ J%(x) < 1, where Jo(+) and J; (-) are the Bessel functions, the sum
of the 32-tuple term and beyond is bounded by

S PAEE)| M (el +a) (4 1)
! 1 ! c 1
;Ar|vﬂﬁ\w<;ﬂ d

Mwwmf<65wwj_

(r=lIrell —ar)*r r

Equation (13) still holds, which gives the error bounds for M and r. in equation (9).
Since ||6Q,|| = MR?||AT||O(¢), 6(2a3 —a3 —a3) = R*||AT||O(e) and 0(2a3 —a3 —a3) =
R*||AT||O(e). Since M is proportional to aja,as, 6(ajazas) = ajazas||A+||O(¢). Noticing that

50,
uj=o( Y 422l ).

1<i<j<3 A=Al

where )\;’s are the eigenvalues of Q,, we obtain the the error bounds for a and U in
equation (12). The estimated half axes may have large errors if a; > aj. O

3.2. Uniqueness of the solution to the linear system

For a 2D source, there are five parameters, so the minimum number of measuring points is
three. By [8], the 6 x 5 matrix A defined in equation (3) for any 3 distinct points has full rank,
so equation (3) has a unique least squares solution for three or more measurements. For a 3D
source, there are nine parameters, so the minimum number of measuring points is also three.
However, the 9 x 9 matrix A defined in equation (6) for three distinct points is not always full
rank. In fact, A is singular for any three distinct points with the same distance to the center of
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the multipole expansion, which will be shown below. W.l.0.g., assume ||r;|| = 1 fori = 1,2, 3.
The linear system is

5
(M+3riTP+2riTQl'i> ri—p—0r;=g(r;), i=1273.

Denote the circumcenter of the three points ry, r and r3 by in, where & > 0 and n is a unit
vector perpendicular to the plane going through the three points. Let

_1+h2

M=
2 ’

I
p=in, Q= g—nnT. (14)

It follows that for i = 1,2,3, r[p = 4%, Qr; =r,;/3 — p, and

5 1+ 5/1
<M+ 3r,Tp—|— 2I';~TQI'1'> I'i—p—QI'i = (— 2 +3]’l2+ E (3 —]’l2>>

XTi—Pp— (%—p) =0.

It shows that the homogeneous linear system has a nontrivial solution. Furthermore, since
equation (14) only depends on /n, rank(A) < 9 for any number of measuring points that are
coplanar and have the same distance to the center of the expansion. There are other cases the
lead to a rank deficient matrix A. For example, for the three measuring points {e;,e; + se,,e; —
se;  where e; = (1,0,0), e; = (0,1,0), the matrix A is singular for any s.

On the other hand, there are various configurations of measuring points that give a full rank
A. For example, for the three measuring points {e;,e; + se;,e; — 2se; } where 0 < s < 0.3, the
smallest singular value of A satisfies o (A) > 0.5s%, which implies that A is nonsingular. As
another example, for the five measuring points {e;,e; +d;,e; —d,;,e; +d,,e; —d,} where d,
and d; are arbitrary orthogonal vectors with length up to 0.3, it can be verified that oy (A) >
0.3]|d]| - ||z ||, therefore A is a full rank matrix.

3.3. Error bound of ryg

Theorem 3.2. Assume there exists K > 0 such that
1 N AT a2
EZZ(I—(gigj) )>K. (15)

The error bound of the estimated source center is

a2
||r00_rc|| :RCO<R12+611> 5 (16)

where RC = minlgigN ||I'i — I'CH.

Proof. Taking the multipole expansion about r., which has no dipole term, we obtain from
equations (2) and (5) that

Mt M _[(a
Hg(rc+l‘) T || T ﬁO (rzl) .
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Combined with equation (8), for I <i <N,

N r,—re 0< 2 + )
81—l = €n |-
[[r; — x|l R
As a result,
1 N 1 N r,—r
Z 1 gtgz zfrc) - NZ(Z glgl) Hrz rc” (Hrl_rc|gt>H
1:1 i=1 ! ¢
2
aj
By equation (7),
1
P(rc0 )—NZ(I g,g,)( _rc)
i=1
where

>

>0

i=1

For any unit vector x € R?, let g/ = sign(g7x)g; for | <i< Nand g’ = (Z?’:] g/)/N, then

N N N N
1 | _
XTPx> 2> Ik —glP > 50> gl — ¢/l = ZZ g/ —g/II*
i=1 i=1 i=l1j=1

S (- @s)).

1j=1

%\

N
—_
AMZ

By equation (15), ||P~!|| = O(1), hence equation (16). O

3.4. Error bounds for the two-step method

Theorem 3.3. For the two-step method, the error bounds of M and r. are

|oM]

[orc]| _ R
A+ 0] — =
o CICO N

—AF[0(e), (17)
aj

where A, is the matrix for the quadruple expansion about r., and

4

a
€ = R—i—l—en. (18)

c
For a 2D source, the error bounds of a and U are

||5a|| R? R?
— HAfHO(ec), [6U]| =
a) 1

||A+||0<ec). (19)
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For a 3D source, the error bounds of a and U are

[oall  RZ R? R2
12— 2 jat)o SU|| = (e ¢ ViAo 20
a aras o A COR Ll @ — + ) lAZ[]O(ec). (20)

Proof. For the multipole expansion about r.y, equation (13) is modified to

I — g0 (ri;xe0) | = & (r:) || - O (o), @2n

where gQ(r,-; ro) is the gravity field at r; up to the quadruple term in the multipole expansion
about r.g, and

r. — Iy r. —ryl? + a2 4
€ = H c cOH (” L3 LOH 1) +a%+€11-
RCO RcO

where R.o = min;<;<y||r; — Feol|- By equation (16), R /R, = 1+ O((a1/R.)* + €,) and .0 =
O(e.) with €, given in equation (18). The rest of the proof is the same as in theorem 3.1 with
R, A, and € replaced by R, A,, and €, respectively. O

4. Numerical simulations

Example 1. We consider noiseless measurements (¢, = 0) around a source with r. # 0. The
errors in the source parameters estimated by the quadruple expansion at the origin are given
by equations (9)—(12). As we increase the distance from the measuring points to the origin, €
in equation (10) varies as R~3. By equations (9)—(12),

l-step: |6M|/M=0(R73), |orc||/ar=0(R™?), ||éa]/ai=0(R™"),
[sU| =0 (R™"). (22)

The errors for the two-step method are given by equations (17)—(20). Since €. in equation (18)
varies as R- 4, and R, ~ R for R > ||r.||, we have

2-step: |6M|/M =0 (R™*), |0re|/ai=0(R7?), ||a]|/ai=0(R7?),
16U =0 (R?). (23)

We demonstrate equations (22) and (23) for an ellipse and a rectangular prism.

The ellipse has parameters r. = (0.1,0.2), a = (0.4,0.2), and «; = /3. The gravity fields
are measured at three points: (R,0), (0,R) and (R, R). The exact fields are computed by analyt-
ical formulas in [8]. The sources reconstructed by the two methods from the data for R=1 are
plotted in figure 1(a). For R = 1,2,4, 8, the relative errors in M, r., a, and U obtained via the
quadruple expansion at the origin (one-step) and the two-step algorithm are listed in table 1.

The rectangular prism has parameters r, = (0.15,0.2,0.25), a = (0.5,0.4,0.2), and U
defined by the Euler angles (¢,0,1)) = (w/2,7 /4,7 /2). The gravity fields are measured at four
points: (R,0,0), (0,R,0), (0,—R,0), and (0,0,R). The exact fields are computed by numerical
integration. The sources reconstructed from the data for R =2 are plotted in figure 1(b). For
R =2,4,8,16, the relative errors in M, r., a, and U obtained by the two methods are listed in
table 2.

The orders of the relative errors for both sources agree with equations (22) and (23).

1
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0.4 z ?h\k.
0 05 1 %
(a) Ellipse (b) Rectangular prism

Figure 1. Example 1. Green: actual source, blue: 1-step method, red: 2-step method,
arrows: measured fields. The solution by the 2-step method is very close to the actual
source.

Table 1. Example 1 for an ellipse source.

Method R |0M|/M  Order ||drc||/ai  Order ||dal|/a;  Order lloU|| Order

1 229%x1072 — 193x100" — 823x107' — 655x1072 —
2 225x1073 335 377x107% 236 3.72x107' 1.15 552x107% 024
4 249x107* 3.18 823x107% 220 1.69x107' 1.14 3.20x107% 0.79
8 291x10™> 3.09 1.92x107% 210 796x10~2 1.09 1.71x10"% 0.90

1-step

1 859x107* — 571x107> — 3.63x1072 — 293x107° —
2 437x107° 430 736x107*% 295 991x1073 1.87 2.04x107% 0.52
4 233x107% 423 872x107° 3.08 251x107° 198 525x107* 196
8 1.34x1077 412 1.05x107° 3.05 6.25x107* 200 1.29x107* 2.03

2-step

Table 2. Example 1 for a rectangular prism source.

Method R |6M|/M  Order ||drc||/ai Order |da|/a Order loU]| Order

2 504x107° — 469x1072 — 3.14x10°" —  613x10°' —
4 797x107% 266 1.16x1072 201 1.23x107" 135 3.18x107' 095
8 1.05x10™* 293 288x1073> 201 533x107%2 121 1.59x10"" 1.00
16 1.33x107° 298 7.18x107*% 201 247x107% 1.11 7.87x107% 1.01

1-step

2 1.19x10737 — 358x107° — 1.19x107°® — 322x107%2 —
4 6.77x107° 414 294x107* 361 1.61x107> —044 675x107% 225
8 4.09x107° 405 3.06x107° 326 543x10™* 157 1.60x107> 2.08
16 251x1077 402 358x107° 3.10 1.50x10~* 1.86 3.92x10~* 2.03

2-step

Example 2. In this example we investigate the effect of the distribution of the measuring
points. We assume the measurement are noiseless, and we use the 2-step method. We measure
the fields at a few positions near a fixed point P. As the distance from the measuring points
to P decreases, ||AT]|| increases, while R, and ¢, are essentially fixed. The error bounds in

12
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o

(a) Ellipse (b) Rectangle (c) Ellipsoid (d) Rectangular prism

Figure 2. Example 2 for 3 measuring points with scaling factor s =0.1. Green: actual
source, red: reconstructed source, arrows: measured fields.

Table 3. Example 2 for two dimensional sources.

Shape s lAZ |l [oM|/M [loxc |l /an ll6all /a1 lou|l
Ellipse 1 4.56 1.60x 1073 6.10x107°  130x 1072 278 x 1072
0.1 162 643%x107°  3.00x1072 8.15x107° 6.92x 1072
001 158x107* 6.53x107°  3.05x1072  1.01x1072  6.96 x 1072
Rectangle 1 4.56 292x107*  3.92x107%  2.09x1072  0.031
0.1 162 583x107°  347x107%2 1.85x107% 0.162

001 1.58x107*  6.04x107° 3.60x107%2 1.63x107% 0.166

equations (17)—(20) increases unboundedly. We demonstrate by 2D and 3D examples that the
actual errors are reasonably small even for large ||A™|.

For the 2D sources, we use the ellipse and the rectangle that share the parameters r, =
(0.1,0.2), a=(0.4,0.2), and «; =7/3. The gravity fields are measured at three points:
(—s,1), (0,1) and (s,1), where s is the scaling factor. The sources reconstructed from the
data with s = 0.1 are plotted in figures 2(a) and (b). The relative errors for s = 1,0.1,0.01 are
listed in table 3.

For the 3D sources, we use the ellipsoid and the rectangular prism that share the paramet-
ers r. = (0.15,0.2,0.25), a= (0.5,0.4,0.2), and U defined by the Euler angles (¢,60,v) =
(w/2,7/4,7/2). We consider two cases for each source. In the first case, the fields are meas-
ured at 3 points: (—s,0,2), (0,0,2), and (s/2,0,2). The three points are chosen asymmetrically
to avoid a singular matrix A (see section 3.2). In the second case, the fields are measured at
5 points: (0,0,2), (—s,0,2), (s,0,2), (0,—s,2) and (0,s,2). The sources reconstructed from
the data at three points with s = 0.1 is plotted in figures 2(c) and (d). The relative errors for
s =1,0.1,0.01 in all cases are listed in table 4.

The reconstructed sources agree with the actual source qualitatively for clustered points
with large ||AT||.

Example 3. In this example we demonstrate the robustness of the two-step method against
noise. We perturb the exact fields by a factor of €, i.e. ||g; — g(r;)|| = €,|g(r;) |, and recon-
struct the source from {g;}\Y. We apply the method to four sources, namely, an ellipse, a rect-
angle, an ellipsoid, and a rectangular prism. To tolerate noise, we choose the measuring points
as in Example 1 for a moderate ||AT||. By equations (18)—(20), the relative errors in r,, a, and
U from noisy measurements are large if R. > a;. For a moderate value of R./a;, we set R=1
for the 2D sources and R =2 for the 3D sources.

13
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Table 4. Example 2 for an ellipsoid source.

Shape Points s lAF I |oM|/M |loxcl|/ar ||oal| /a1 loU]|

Ellipsoid 301 30.7 2.88x 107 1.92x107% 237x107% 8.82x 1073
0.1 431x107% 898x107* 356x 107> 2.82x1072 1.75%x 1072
0.01 4.68x107° 4.28x107 1.09x 1072 2.98x 1072 6.71 x 1072

Ellipsoid 5 1 8.10 1.25x107* 1.05x 1073 1.55x 1072 3.98x 1073
0.1 685 348 x 107% 2.46x107% 2.70x 1072 1.71 x 1072
001 679%x107* 4.29x107* 271x1073 2.75x 1072 1.94x 1072
Rectangular 3 1 30.7 7.57%x 1073 263 %1072 527 x 1072 0.284
Prism 0.1 431x107% 1.25x107% 3.90x1072 6.23x 1072 0.351
0.01 4.68x107° 1.32x1072 4.05x1072 6.03x 1072 0.352
Rectangular 5 1 8.10 3.81x107° 1.86x 1072 2.40x 1072 0214
Prism 0.1 685 443%x 1073 2.17x1072 6.09x 1072 0.278

001 679x107* 443x1073 2.18x 1072 6.15x 1072 0.279

081 08r

06l 061

0.4
0.4r1

0.2
021

of ~—a

0 0.2 0.4 0.6 0.8 1 -0.2 0 0.2 0.4 0.6 0.8 1
X

(a) Ellipse (b) Rectangle

Figure 3. Example 3 for 2D sources with 10% noise. Green: actual source, red: recon-
structed source, arrows: measured fields with noises.

The ellipse and the rectangle are the same as in example 2. The gravity fields are measured
at three points—(1,0), (0, 1) and (1, 1), for which ||A|| = 2.79. The sources reconstructed
from the data with 10% noise are plotted in figure 3. The relative errors for €, = 0,1%, 10%
are listed in table 5.

The ellipsoid and the rectangular prism are the same in example 2. The gravity fields are
measured at four points—(2,0,0), (0,2,0), (0,—2,0), and (0,0,2), for which [|A}| = 1.03.
The sources reconstructed from the data with 10% noise are plotted in figure 4. The relative
errors for €, = 0,1%, 10% are listed in table 6.

The relative errors of the estimated source parameters are reasonably small for measure-
ments with noise up to 10%.
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Table 5. Example 3 for two dimensional sources.

Shape €n |0M|/M l[6xc]l/ar [[6al|/a 60|

Ellipse 0 8.59x107*  571x107°  3.63x1072  293x1073
1% 6.12x107°  234x1072 5.88x1072 7.27x1072
10% 288x1072 1.61x107" 876x107% 4.26x 107!

Rectangle 0 338x 1077 1.94x1072  6.07x1072  256x 1072
1% 8.69x 1073 376x1072 7.81x107> 8.15x 1072
10% 321x1072  1.77x 107! 126 x 107" 374 x 107!

15 15
N 1 Ny
05 — ’ & 05 b F R s
i g‘;’ ) s 0- & 4 ’4 »
x ; e g
3 -~ 0 ! 2 e e — K
I | L NP
i 2 g o
X f ¥ X
(a) Ellipsoid (b) Rectangular prism

Figure 4. Example 3 for 3D sources with 10% noise. Green: actual source, red: recon-
structed source, arrows: measured fields with noises.

Table 6. Example 3 for three dimensional sources.

Shape €n |oM|/M [[6rc]|/ar l|6all/a: 16U

Ellipsoid 0 279%x 107 146x1073  747x1073  9.86x 1073
1% 1.08 x 1072  623x107% 1.98x1072 1.17x107!
10% 1.10x107"  630x1072 125x107" 8.90x 10"

Rectangular 0 1.19x107%  358x107% 1.19x107* 3.22x1072
Prism 1% 1.19%x 1072 539x107% 1.04x107% 9.73x 1072
10% 1.11x107"  6.08x1072 6.16x1072 6.48x 107!

5. Discussion and conclusion

As shown by example 2, the reconstructed source from noiseless measurements is more accur-
ate for elliptic shape than rectangular shape. The reason is that the 16-tuple term in the mul-
tipole expansion about the source center divided by the monopole term is O(a{/R?) for rect-
angles and rectangular prisms, while only O((a7 — min(a;)?)?/R?) for ellipses and ellipsoids,
because all terms except the monopole term vanish for a circular (2D) or spherical (3D) source.
Therefore, for €, =0, the term €. in the error bounds equations (17)—(20) is smaller for an

15
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elliptic source that a rectangular source. On the other hand, in the presence of noises, ¢, is
dominated by ¢,. As shown by example 3, the errors are similar for elliptic and rectangular
sources.

In the two-step method, the estimated source center r.o may be replaced by the approximate
source center r. obtained by the quadruple expansion about the origin. However, it is not as
robust as r.o. By equations (9) and (16), the error of .. is at least R - O(||r.||*/R* + ¢,,), while the
error of Iy is R, - O(a}/R2 + €,). For small sources relatively far from the origin (||r.|| > a;),
r. may have a large error, which leads to large errors in the subsequent multipole expansion
about r,.

After the second step in the two-step method, we may use the newly obtained source cen-
ter, rog =T+ P /1\71, as the center of the second multipole expansion. The relative error in
the second multipole expansion is still O((a; /R.)* + ¢,) due to the 16-tuple term, though the
octuple term might be smaller because by equations (16) and (17),

2

4
a a

[lre —re)| =R - O (R]2 —|—6,1) . |Ire —ra|| =R AT ||O (R!‘ +6,,> .
c c

The error bounds for the source parameters obtained by extra multipole expansions are of the
same order as in equations (17)—(20). Therefore, iterative multipole expansions cannot reduce
the errors significantly.

In summary, we presented a two-step method of inverse gravimetry. First we back trace the
measured gravity fields to estimate the center of the source, then we reconstruct the elliptic or
rectangular source by the quadruple expansion centered at the estimated source center. In the
second step, we first solve the linear system to determine the approximate monopole, dipole,
and quadruple of the source at the center of expansion, then we solve the nonlinear equations
for the source parameters exactly.

We proved that the relative errors of the mass, center, half axes, and orientation of the
reconstructed source are of 4th, 3rd, 2nd, and 2nd order respectively as the minimum distance
between the measuring points and the source center increases. We showed that the minimum
number of measuring points is 3 for both two- and three- dimensional sources. Unlike for 2D
problems, the linear system for 3D problems may be rank deficient, though it is possible to
choose measuring points to make the linear system well-conditioned. For a well-conditioned
linear system, the algorithm is robust against noises in the measurements.

Natural underground cavities such as those in karst regions have sophisticated shapes [4].
Recently, a reconstruction method for the inverse gravimetric problem using high order har-
monic moments has been proposed in [10]. The authors developed two numerical methods,
based on conformal mapping and convex minimization respectively, for two-dimensional cav-
ities. For future work, we will try to extend the method to three-dimensional cavities.
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