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4.4.1 Significance of regression

Null hypothesis (Test whether all ; =0, j=1,...,k)
Ho: Pr=Po=...=0k=0

Alternative hypothesis

Ha,:  Not all s are equal to zero

Test statistic

Fo i

ANOVA table
Source SS df MS Test statistic
Regression  SSg k MSg F

Residuals ~ SSres n-k-1  MSges
Total SSt n-1




Delivery time data (Example 3.1)

y = c(16.68, 11.50, 12.03, 14.88, 13.75, 18.11, 8.00, 17.83,
79.24, 21.50, 40.33, 21.00, 13.50, 19.75, 24.00,29.00,

15.35, 19.00, 9.50, 35.10, 17.90, 52.32, 18.75, 19.83,
10.75)

x1 =c¢(7, 3, 3, 4, 6, 7, 2, 7, 30, 5, 16, 10, 4, 6, 9, 10,
7, 3, 1

, 3, 17, 10, 26, 9, 8, 4)

x2 = c(560, 220, 340, 80, 150, 330, 110, 210, 1460, 605, 688,
215, 255, 462, 448, 776, 200, 132, 36, 770, 140, 810,
450, 635, 150)

myfit = Im ( y ~ x1+x2)




ANOVA table
> anova (myfit)

Analysis of Variance Table

Response: y

Df Sum Sq
x1 1 5382.4
x2 1 168.4

Residuals 22 233.7

Mean Sq

5382.4
168.4
10.6

F value
506.619
15.851

Pr(>F)
< 2.2e-16
0.0006312




ANOVA table
> anova (myfit)

Analysis of Variance Table
Response: y

Df Sum Sq Mean Sq F value

x1 1 5382.4 5382.4 506.619
X2 1 168.4 168.4 15.851
Residuals 22 233.7 10.6

Pr(>F)
< 2.2e-16
0.0006312

From the above table, we obtain SSg.s = 233.7, or
> anova(myfit)[3,2]

[1] 233.7317
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SSk
S5Sr =5382.4 4 168.4 = 5550.8, or

> SS_R = anova(myfit)[1,2]+anova(myfit)[2,2]
[1] 55560.811

The observed F value

 SSg/2  5550.8/2

F = -
MSRes 10.6

= 261.8302

MS_R = SS_R/(anova(myfit)[1,1]+anova(myfit)[2,1])

F = MS_R/anova(myfit)[3,3]

p-value (tail probability) — P(Fz.02 > observed F value)

> 1-pf(F,2,22)
[1] 4.440892e-16




Two ways to make decision

(1) Report p — value, which is evaluated from the data.

A small p-value leads to reject Hp.

(2) Use the significance level o, which is previously given.

Take a = 0.05, say.

From the F table, we find the threshold, gf(1 — 0.05,2,22)

> qf(1-0.05,2,22)
[1] 3.443357

Then, compare the observed F value with this threshold.

Finally, make the decision.




o Derive the F test via the likelihood-ratio-test method

Ho: fr=pPo=...=0k=0 <+— H,: Notall s are equal to zero

The whole parameter space in this case is
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o Derive the F test via the likelihood-ratio-test method

Ho: fr=pPo=...=0k=0 <+— H,: Not all 8s are equal to zero

The whole parameter space in this case is

@ = {(60a/617' .. 7/8k702) : (/807ﬁ1a e ’IBk) S Rk+1a02 S (0,00)}

The parameter space associated with Ho is

90:{(ﬂ0a0»"'50702): 50 6R702 € (0700)}

Likelihood function of parameter (Bo, b1, - - -, Bk, 0%)

U(Bo, Br,-- - Br, 0°) = ﬁexp {—%(Y - XB)(Y — Xﬁ)}




Likelihood ratio
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Likelihood ratio
SUPE(IBOa ﬁla e aﬁk’ 02)
S

- Sgpg(ﬁovﬂla cee 7/8k702)

supg(607 ﬁ17 BN /6/(7 02)
©o

_ 1¢ 72
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Likelihood ratio
Supg(ﬁ(]v Bla e a/8k7 0-2)
S

- Sgpg(607ﬂla s 7ﬁk70-2)

_ 1¢ _
sgp€(607ﬁ17"'7/6k702) = g(.yaoa ’O’FZ(yl_y)2>
o i=1

= E()‘/,O, ~-~707%55T>

n

Sgpg(ﬂ()aﬂla"')ﬂkaoz) = E<ﬁ07315"'73k5%Z(yi_),\/i)2>

i=1

A1
=/ <507517"‘76k7;55Res>




The likelihood ratio

chlpg(BOaﬂla cee 7ﬂk’02)
Sgp£(ﬂ07/815 e 7Bk»g2)

K -3
= (1+—5 F
<+n—k—1 > ’

which is a decreasing function of F.




The likelihood ratio

Sé]pg(ﬂOaﬁla cee 7ﬂk’02)
sgpf(ﬂo»ﬂla e 7Bk»g2)

K -3
= (1+—5 F
<+n—k—1 ) ’

which is a decreasing function of F.

Thus, a larger F would lead us to conclude H .




4.4.2 Test whether a single 3; =0
Hozﬂj:O — ’Haiﬂj#o

Two ways for this hypothesis testing question

(1). Student’s t test
-
s{0;}
The corresponding value can be obtained in R by summary(Im(y x1+...)),
where s{3;} is the standard error of [3;.




Rational

A Student’s t variable is formulated based on the following three facts

By~ N (B, (X X)), oF  —e— ~ N(0,1)
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Rational

A Student’s t variable is formulated based on the following three facts

By~ N (B, 0 (X' X)i ju1) s or  — P ~ N(0, 1)
o3(X X)j+1 gt

SSr

JNXn k—1°

BJ and SSges are independent each other.

Student’s t variable
/3’, B
V T
Bi = B _ B; _Aﬁj ~tid
VMSkes (XX)Y 1y 5()

~ lp—k-1

or




When Hq : 5; = 0 is true,

N

_/J\' ~ thok—1,
s(6))
where
s(By) = \/MSRes (X,X),i_Jr:l1J+1
Test statistic for Ho : fj =0
b

s(5)

Two ways could be used to make a decision: p-value or significance level.




(2). Partial F test
F test statistic

SSR()<J'|X1, - 7)<j—17)<j+1a - 7Xk) . SSRes(le .. .,Xk)
1 ' n—k—1
SSr(Xj| X1, ..o, Xjiz1, Xig1, -+, Xk)
MSRes

SSr(X;| X1, ..., Xj—1, Xit1, - - - s Xk)
= SSg(use all predictor variables in the model)
—SSg(use predictor variables X1, ..., Xj_1, Xjy1,..., Xk)




SS5r: WITHOUT taking any predictor variables into account.

SSr=> (Yi-Y)
i=1




o Sum of squares

SS5r: WITHOUT taking any predictor variables into account.

n

SSr=> (Yi-Y)

i=1

(i) Taking Xj into account, Y is regressed on Xj alone (simple linear regression).

SSr(X1) = the regression sum of squares when Xj only is in the model
SSres(X1) = the error sum of squares when Xj only is in the model

SS7 = SSr(X1) + SSres(X1).




o Sum of squares

SS51: WITHOUT taking any predictor variables into account.

n

SSr=Y (Yi=Y)

i=1

(i) Taking Xj into account, Y is regressed on Xj alone (simple linear regression).

SSr(X1) = the regression sum of squares when Xj only is in the model

SSres(X1) = the error sum of squares when Xj only is in the model

SSr = SSR(X;[) + SSRes(Xl).

(i) Taking both X; and X into account, Y is now regressed on X; and X; (two
predictor variables).

SSr(X1,X2) = the regression sum of squares when X; and X; are in the model

SSges(X1, X2) = the error sum of squares when Xj and X, are in the model

SSt = SSr(X1, X2) + SSges(X1, X2).




Questions

Which one is larger, SSres(X1) or SSges(X1, X2)?
Which one is larger, SSgr(X1) or SSr(X1, X2)?
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Extra sum of squares

SSRes(X2|X1) = SSRes(Xl) - SSRes(Xla X2)

It measures the marginal effect of adding X, to the regression model,
when Xj is already in the model (and X is regarded as an extra variable).

SSr(Xa|X1) = SSr(X1, X2) — SSr(X1)

it is the marginal increase in the regression sum of squares.




Questions

Which one is larger, SSres(X1) or SSges(X1, X2)?
Which one is larger, SSgr(X1) or SSr(X1, X2)?

Answers

SSRes(Xl) 2 SSRes(Xla X2)

SSr(X1) < SSr(X1, X2)

Extra sum of squares

SSRes(X2|X1) = SSRes(Xl) - SSRes(Xla X2)

It measures the marginal effect of adding X, to the regression model,
when Xj is already in the model (and X is regarded as an extra variable).

SSr(Xa|X1) = SSr(X1, X2) — SSr(X1)

it is the marginal increase in the regression sum of squares.

SSTO = SSR(Xy) + SSR(Xa|X1) + SSE(X1, Xa)
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Ho:pr=...=5,=0 — Ha:notall B #0




4.4.8 Test several Bj =0,j=1,...,r

Ho:51=...=56,=0 — Ha:notall B #0

Test statistic

SSr(Xuy vy Xe| X1y - oo Xk) . SSRes (X1, -+« Xk)
r ) n—k—1
SSr( X1y ey Xe| X1y - o5 Xk)
r MSpes

SSR(X1, -0y Xe| Xogts -+, Xe)

= SSg(use all predictor variables in the model)
—SSg(use predictor variables X,11, ..., Xk)

= SSges(use predictor variables X, 1, ..., Xk)
—SSges(use all predictor variables in the model)
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o Derive the F test via the likelihood-ratio-test method

Ho: fpr=pPr=...=05,=0 <+— H;i: Not all Ss are equal to zero

The whole parameter space in this case is

e = {(ﬂOuﬂlv‘ . ')Bkoaz) . (BO?Bl?' . 7ﬁk) S Rk+1702 S (0700)}

The parameter space associated with Ho is

©0 = {(80,0,...,0,Br41,..., Bk, 0%) : fo ER, Bry1 €R,..., Bk €ER, 0% € (0,00)

y

Likelihood function of parameter (Bo, B1, - - -, Bk, 02)

1 1 ,
€(Bo, 1, - -, B, 0°) = mexp {—?(Y —XB) (Y — X,B)}




Likelihood ratio
sgpg(ﬂO) ﬂla e 7/Bk7 02)
_ %
Sgpf(ﬂo, ﬂh e 7ﬂk7 02)




Likelihood ratio

Sgpg(ﬂO)Bla e 7ﬂk702)
— 0
Sgpf(ﬁoaﬂla cee 7ﬂk702)
Sgpg(ﬂmﬁla"wﬂkaaz) - E(*,O, 707*7 a*a?)
0




Likelihood ratio

Sélpg(ﬂmﬁla ce 7ﬂk702)
- Sgpf(ﬂ07ﬂ1a v 761(70'2)

Supg(ﬂoyﬂla---,ﬁk,02) = L(*%,0, ...,0,%,...,%7)
[S])

sgpg(ﬁmﬂla"')ﬂkvoz) = é<1807515"'7Bk)%Z(yi_yi)2)
i=1

P A1
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The likelihood ratio

S;pg(ﬂ()vﬁla e a/8k70-2)
Sgp£(607ﬁla s 7ﬁk70-2)

= (14+7F)° %,

which is a decreasing function of F.




The likelihood ratio

S;pg(lg()vﬁla e a/8k70-2)
Sgp£(607ﬂla s 7ﬁk70-2)

= (14+7F)° %,

which is a decreasing function of F.

Thus, a larger F would lead us to conclude H .




