L20: Global F-tests in linear models

1. A likelihood ratio test

(1) Maximized likelihood functions
Model M: Y ~ N (X8, 0%%) with rank(X) = r and SSE has

max[L(8, 0%) : B, 0% = (52)"* - g SSE /2.

If under Hy M is reduced to M,: Y ~ N(X,f, 02%) with rank(X,) = r. and SSE,,

n/2 —-n
max[L(3, 02) : Ho| = (5) /2. W SSE; /2

Let F = (SSE*_]?/[%?/(T_T*) where MSE = ‘Z‘if

(2) Likelihood ratio and LRT

_ max|[L(8,0%):8,0%] _ (SSE,\"/2 _ SSE.—SSE\"2 _ L
LR= Do bl = (35)™" = (1 + SSBgSSEy"2 - (14 F. =22 )

is an increasing function of F'. Therefore below is a LRT scheme.
Hy : vs H, : Hy is false

cpi . (SSE.—SSE)/(r—r.)
Test statistic: F' = VSE
Reject Hy if > ¢g

2. Two a-level LRT's

(1) Setting I
For Model M with 1,, € R(X) there exists an hypothesis Hy, under Hy M is reduced to
M : Y ~ N(1,7, 02%). For M and this Hy there is ANOVA table

Source  SS DF MS F Pr>F

Model  SSM r—1 MSM MSM/MSE P(F(r—1,n—r)> Fy)
Error SSE n—r MSE

C.Total C.SSTO n-—1

(2) a-level LRT in Setting I

Hy : vs H, : Hy is false
spi . MSM
Test statistic: F' = Sk

Reject Hy if F' > F(r—1,n—r).

is an a-level LRT

Proof. Applying LRT scheme in 1 (2) to setting I,
[ _ (SSE.~SSE)/(r—r.) _ (C.SSTO-SSE)/(r—1) _ SSM/(r=1) _ MSM
= MSE = MSE =~ T MSE ~ MSE-
P(F>Fy(r—1,n—r)|Hy) =P(F(r—1,n—r)>F,(r—1,n—r))=qa.
Comment: p-value: P(F(r—1,n—r) > Fy).
(3) Setting II
Consider Model M with 1,, ¢ R(X) and Hy : f = 0. Under Hy, M is reduced to
My : Y ~ N(0, 0%%). For M and this Hy there is ANOVA table

Source  SS DF MS F Pr>F

Model  SSM T MSM  MSM/MSE P(F(r,n—r1) > Fy)
Error SSE n—r MSE

U.Total U.SSTO n




(4) a-level LRT in Setting II

Hy: 3=0vsH,: B#0
Test statistic: F = J\ﬁgﬂéf
Reject Hy if F > Fo(r, n—r).

Proof. Applying LRT scheme in 1 (2) to setting II,
F_ (SSE.—SSE)/(r—r.) _ (U.SSTO-SSE)/r _ SSM/1) _ MSM
= MSE = MSE =~ "MSE ~ MSE-"
P(F > Fy(r,n—r7)|Hy) =P(F(r,n—r)>Fu(r,n—r)) =a.

Comment: p-value: P(F(r,n—r) > Fy).

3. Global F-tests
The first question in study a particular linear model with data is ”Is this model useful?”

(1)

Regression with intercept

For regression y = 8o + B1x1 + -+ + Bp—1Zp—1 + €,

Hp : The model is useless <= Hy: f; =0foralli=1,...,p— 1.

Under Hy the model is reduced to My on data: N (1,080, 0I,). We have a-LRT

Hy: gi=0foralli=1,...p—1vs Hy: B#0forsomei=1,...p—1

sepin. T MSM
Test statistic: F' = Sk

p-value: P(F(p—1,n—p) > Fg).

This test can be carried out by using ANOVA table created by SAS

’proc reg; model y=x1 x2 x3; run; ‘

Regression without intercept

For regression y = B1x1 + - - + Bpxp + €,

Hp : The model is useless <= Hy: 5; =0 foralli=1,...,p.

Under Hy the model is reduced to Mg on data: N (0, 0%1,) by Hy. We have a-LRT

Hy: g;=0foralli=1,...pvs Hy: 8#0 forsomei=1,....p
Tatioe _ MSM

Test statistic: F' = 325

p-value: P(F(p, n—p) > Fgy).

This test can be carried out by using ANOVA table created by SAS

’proc reg; model y=x1 x2 x3/noint; run;

One-way ANOVA

For one-way ANOVA y = 11 + -+ - + ppptp + €,

Hy : The model is useless <= Hy : p; = p; for all (4, 7).

Under Hy the model is reduced to My on data: N(1,u1, 02I,). We have a-LRT

Hy : p; = pj for all (4, j) vs Hy @ p; # py for some (i, j)
fpio T — MSM

Test statistic: F'= Fp

p-value: P(F(p—1,n—p) > Fg).

This test can be carried out by using ANOVA table created by SAS

proc anova; class sample; model y=sample; run; ‘




