
L06 Best restricted estimator

1. Restricted Model

(1) Model under restrictions
Consider linear model (A)

Y = Xβ + ϵ with ϵ ∼ (0, σ2Σ) under the constraint Gβ = b.

(2) The restriction
If Gβ = b is consistent, then

β ∈ G+b+N (G) = {G+b+ (I −G+G)η : η ∈ Rp}.

Proof. Suppose Gβ = b has a solution β0. Then
Gβ = b ⇐⇒ Gβ = b = Gβ0 = GG+Gβ0 = GG+b ⇐⇒ G(β −G+b) = 0

⇐⇒ β −G+b ∈ N (G) ⇐⇒ β ∈ G+b+N (G).

But N (G) = N (G+G) = R(I −G+G) = {(I −G+G)η : η}. Thus

Gβ = b ⇐⇒ β ∈ G+b+N (G) = {G+b+ (I −G+G)η : η}

(3) Transformed model
Let Y∗ = Y −XG+b, X∗ = X(I −G+G) and β = G+b+ (I −G+G)η. Then Model (A)
with the restriction is transformed to Model (B) Y∗ = X∗η + ϵ, ϵ ∼ (0, σ2Σ) without
restrictions.

Proof. (A):

{
Y = Xβ + ϵ, ϵ ∼ (0, σ2Σ)
Gβ = b

⇐⇒
{

Y = Xβ + ϵ, ϵ ∼ (0, σ2Σ)
β = G+b+ (I −G+G)η, η ∈ Rp

⇐⇒ Y = XG+b+X(I −G+G)η + ϵ, ϵ ∼ (0, σ2Σ)

⇐⇒ (B): Y∗ = X∗η + ϵ, ϵ ∼ (0, σ2Σ)

2. Restricted GLSE

(1) Definition
β̂ is a restricted GLSE (RGLSE) under Gβ = b with respect to U = Σ−1 if

Gβ̂ = b and ∥Y −Xβ̂∥2Σ−1 ≤ ∥Y −Xβ∥2Σ−1 for all β under Gβ = b.

(2) Formula

Let β̂ = G+b +
[
Σ−1/2X(I −G+G)

]+
Σ−1/2(Y − XG+b). Then the collection of all

RGLSE under Gβ = b is

RGLSEΣ−1(β) = β̂ + (I −G+G)N (X(I −G+G))

Proof. β̃ ∈ RGLSEΣ−1(β)
def⇐⇒

{
Gβ̃ = b

∥Y −Xβ̃∥2Σ−1 ≤ ∥Y −XB∥2Σ−1 for all Gβ = b

⇐⇒

{
β̃ = G+b+ (I −G+G)η̃

∥Y −Xβ̃∥2Σ−1 ≤ ∥Y −Xβ∥2Σ−1 β = G+b+ (I −G+G)η for all η

⇐⇒
{

β̃ = G+b+ (I −G+G)η̃
∥Y∗ −X∗η̃∥2Σ−1 ≤ ∥Y∗ −X∗η∥2Σ−1 for all η

⇐⇒
{

β̃ = G+b+ (I −G+G)η̃
η̃ ∈ GLSEΣ−1(η) in B

⇐⇒

{
β̃ = G+b+ (I −G+G)η̃

η̃ ∈
(
Σ−1/2X∗

)+
Σ−1/2Y∗ +N (X∗)

⇐⇒ β̃ ∈ β̂ + (I −G+G)N (X(I −G+G))
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3. Best restricted estimator

(1) Definitions
LY + d is a P1UE for Hβ under Gβ = b

def⇐⇒ E(LY + d) = Hβ for all β under consistent Gβ = b
Hβ is P1EU estimable under Gβ = b

def⇐⇒ Hβ has a P1UE LY + d under Gβ = b
L0Y + d0 is the best P1UE for Hβ under Gβ = b

def⇐⇒
{

L0Y + d0 is a P1UE for Hβ under Gβ = b
Cov(L0Y + d0) ≤ Cov(LY + d) for all P1UE LY + d.

(2) Sufficient and necessary conditions
LY + d is a P1UE for Hβ under Gβ = b

def⇐⇒ E(LY + d) = Hβ for all β under consistent Gβ = b
⇐⇒ LX(I −G+G) = H(I −G+G) and d = (H − LX)G+b

Hβ is P1EU estimable under Gβ = b
⇐⇒ LX(I −G+G) = H(I −G+G) and d = (H − LX)G+b for some L and d

(3) Best P1UE
With PIUE estimable Hβ under Gβ = b, and β̂ in (2) of 2, Hβ̂ is the best restricted
P1UE for Hβ.

Proof. Hβ is P1UE estimable under Gβ = b. So
H(I −G+G) = L1X(I −G+G) and d1 = (H − L1X)G+b for some L1 and d1.

Hβ̂ = L0Y+d0 where L0 = H
[
Σ−1/2X(I −G+G)

]+
Σ−1/2 and d0 = (H−L0X)G+b.

But with T = Σ−1/2X(I −G+G),

L0X(I −G+G) = HT+T = H(I −G+G)T+T = L1X(I −G+G)T+T

= L1Σ
1/2TT+T = L1Σ

1/2T = L1Σ
1/2Σ−1/2X(I −G+G)

= L1X(I −G+G) = H(I −G+G).

So Hβ̂ is a PIUE for Hβ under Gβ = b.

If LY + d is also PIUE for Hβ under Gβ = b, i.e., LX(I − G+G) = H(I − G+G)
and d = (H − LX)G+b, we need to show

Cov(LY + d)− Cov(L0Y + d0) = σ2(LΣL′ − L0ΣL
′
0) ≥ 0.

Write L0 = HT+Σ−1/2 = H(I −G+G)T+Σ−1/2 = LX(I −G+G)T+Σ−1/2

= LΣ1/2TT+Σ−1/2

So L0ΣL
′
0 = (LΣ1/2)TT+(LΣ1/2)′. Therefore

Then Cov(LY + d)− Cov(L0Y + d0) = σ2(LΣL′ − L0ΣL
′
0)

= σ2
(
LΣ1/2

)
(I − TT+)

(
LΣ1/2

)
≥ 0

since symmetric idempotent I − TT+ ≥ 0.
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