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1. A is an affine set in linear space V. Then 0 € A<= A is a subspace.
Show = only.
Hint: For x, y € A, one needs to show ax 4+ By € A for all scalars a and (.
Discuss three cases: (i) a4+ 8 #0, (ii) a+ 8 =0 and a =0, (iii) a« + f = 0, but a # 0.

For z, y € A we need to show ax + Sy € A for all scalars « and S.
First we claim that A is closed under scalar multiplications since
reEA=ar=ar+ (1 —-a)0c A

(i) a+B#£0

Affine combination z = a%rﬁx + aii/ﬂ/ € A

By scalar multiplication, ax + Sy = (a+ )z € A.
(ii) a+pf=0and =0

Undera+ B8 =0and a=0, ax+ Py =0x+0y=0€ A.
(iii) o+ =0and a #0

Under a+ =0 and o # 0, ax + By = axr — ay.

By scalar multiplications, 2ax € A and —2ay € A.

So the affine combination §(2ax) 4+ 3(—2ay) = az — ay € A.

So A is closed under linear combinations. Hence A is a linear space.

2. In linear space V,
A is an affine set <= A = xg + Swhere xg € V and S is a subspace in V.

Show = only.
Hint: Take z¢ € A. Then A = 29 + A — xg. Using 1 to show A — z( is a space.

Take xg € A. Then A = 29+ A — 29 = 29 + S where S = A — xg.
20€EA=—=0=20—a20€ A—20=25.
Ifx,y €S, then x = x4 — 29 and y = y4 — xg where x4, ya € A. But

ar+(l—a)y=[laza+ (1 —a)ya] —xz0 € A—x9 =S

So S is an affine set containing 0. By 1, S is a space.

3. A=uxp+ S is an affine set in V where S is a subspace. If 1 € A, then A =21 + S.
Show A D x1 4+ .S only.

If x € x1 4+ S, then x = 21 + v where u € S.
But 21 € A =2z + S implies x1 = x¢ + w1 where u; € S.
Sox=x1+u=m0+ (v1 —20 +u) =20+ (U1 +u) ET0+ 5 =A.



4. For affine set A =x9+ S in 3, 1 = z9 — w(xo|S) €Exo+S=A. So A=z, +S.
Show that among all z € A, ||z1]*> < ||lz/|?.

reA=x1+S5 = 2r=2x1+u whereu € S.
But x; = z¢g — m(x0|S). So z1 L u. By Pythagorean theorem

21 = [l +ull = [l | + [Jull® > [l



