L19: Factor models

1. Factor models

(1) Definitions
For random vector X € RP, X = u+ LF + ¢ is a factor model where
(i) Factor F' ~ (0, I;) and random error € ~ (0, ¥) with ¥ = diag(¢1, ..., ¥p) are uncorrelated.
(ii) Loading matrix L € RP*? is non-random.
(iii) “=" means the parameters (mean vector and covaraince matrix) of two sides are equal.
Comments: g < p so that F' is simpler than X.

Xi =1lnF1 4 -+ ligFy, ie., the ith row of L loads the factor F' to Xj.
Zij loads Fj to X1
(2) Essence of the model: Cov(X) = LL' + ¥
Model=> Cov(X) = LL' + . If Cov(X) = LL' + ¥ by defining F', € and L, one has the model.

(3) On the existence and uniqueness
For X ~ (u, ¥) a trivial factor model with ¢ = p, L = »1/2 and ¥ = 0 exists. But with specified
q < p, factor model may not exist (Ex1). With fixed ¢ factor model may not be unique (Ex2).

X, 1 09 07
Ex1: Ex9.2 on p486. X = [ X2 | has Cov(X) =X = (09 1 04]. With ¢ = 1 factor
X3 07 04 1

model X — u = LF + € does not exist.

1 09 07 B4y bl lils
Proof. If the model exists, then ¥ = LL'+¥. So (0.9 1 0.4) = <llgl1 12+ lal3 )

07 04 1 130y I3lo 12+
v1=02-13=1- % = —% < 0 that contradicts with 1; = var(e;) > 0.
300 V3 0
Ex2: For XY= [0 2 0| withL=| 0 /2] and ¥ = diag(0,0,1), X = LL' + ¥.
0 0 1 0 0
0 0
Let L. = [ v2 0] and ¥, = diag(3, 0, 0). Then ¥ = L, L. + V..

0 1

So for X € R? with Cov(X) = X, the factor model with ¢ = 2 is not unique.
2. Factor analysis

(1) Analysis table

X; | var(X;) | Fy F, h? 0y
X1 U% l%l T l%q h% Y1
Xo U% l%l T l%q h% P2
Xp o5 Ly - L iy Yy
cor | f7 ] (L) | (W)

(2) Communalities
hi =13 +---+1,, called the ith communality, is the contribution of F' to the variance of Xj.
So >°, h? =tr(LL’) is the contribution of F' to the total variances in X, >, 07 = tr(X).
() f7,i=1,...q
l?j in h? is var(l;; F;), the contribution of F; to var(X;).
Thus fj2 =3 l?j is the contribution of F} to the total variances in X, ), o2.
> f? =tr(L'L) is the contribution of F' to the total variances in X.



Ex3: p484 Ex9.1
Xi| o | FA Fo | h?|y
X1 19 16 1 17 2

19 30 2 12 4 1
o |30 57 5 23 (7 o2| x| 57|49 4| 53| 4
With2 =15 5 g5 47|24 L=]_1 6| x5 38| 1 36| 37| 1
12 23 47 68 1 8/ X,/ 68| 1 64| 65| 3

182 | 67 105 | 172 | 10
(a) The proportion of total variances in X explained by LF is tﬁfg) = % = 94.51%.
(b) The contribution from F5 to var(X3) is 36.

(c) The contribution from F to var(X3) is h3 = 37.

(d) The contribution from F; to the total variances in X is 105.

a

3. Factor model for standardized X

(1) Standardized X
For X ~ (u, ¥) with V = diag(X), Z = V-Y2(X — u) ~ (0, p) is standardized X.

(2) Converting factor model for X to that for Z
X—-p=LF+e=Z=L,F+e, where L, = V2L and e, = V-1/2e ~ (0, V120V ~1/2)
with analysis table,

Z; Pii Fy co Fq hzi Vi

Zi | 1| Gyfoi - B/oi | hijot | ¢n/of

Z, | 1 112,1/2012) cee lgq/zafj hf,/af,/ ’(/Jp/O'ZQ)
p le fzq tr(LZLz) tr(\IIZ)



L20 Estimation in factor models

1. Converting models for X and for Z

(1) From model for X to that for Z
If X — = LF + € has analysis table

Xi V&I‘(Xi) F1 s Fq h? 1/)1
X1 o1 5 - 1, hi P1
X, ag lgl lgq hf, Up
07 T fr | (L) | (D)
then Z =V-Y2(X — ) = (V"Y2L)F 4 (V=Y2¢) = L_F + ¢, has analysis table
Z; | pii Iy " F, hZ, Pz
Zi| 1 | i§y/of - U,/of | hifol | ii/of
Zy, | 1 lf,l/ag e lgq/oﬁ hf)/ag 1/)17/012,
p f122 T f¢12z tr(L.L.) | tr(¥.)

(2) From model for Z to that for X
If Z=V-"Y2(X — ) = L.F + ¢, has analysis table

Zi | py | 1 - Fy hZ; V=i

Z1 1 @11 e lglq hgl P21

Z, | 1 zgpl o zgpq n2, Do

p flz T qu tr (L L ) tr(\I/z)
then X — = VY27 = (VY2L,)F + (V1/2¢,) = LF + ¢ has analysis table

Xi 0'1»2 F1 e Fq hzz ”(/Jzi
X1 [ 107 [ 2,07 -+ 13,01 | b2 -0l ]| ¢aof
X, | 1- UZQJ 12p1 0’ e lzpq p hﬁp . 012) Vap - 0127

tr(X) f? e Iz tr(LL") | tr(D)

Besides items in the table for Z we need o2 to get the table for X.

2. Estimatorsin X —py=LF +¢

(1) Estimated o?
From a sample from X we obtain sample covariance matrix S. o is estimated by 07 = s7.
(2) Estimated L
Ar 0

With specified g. let S = PAP' = (Pr, Pry) ( 0 A
I

A =diag(A,..,Ap), A1 > - >\, >0 and Ay € RI¥9.
LL', the main part of ¥, is estimated by PrAPj, the main part of S. So L is estimated by

=P = (PiVAL, o P/ D)
(3) Estimated ¢;:  4; = 02 — h2. So ; = s2 — h2.
(4) Estimated ¥: X is estimated by & = LL' + 0.
(5) Analysis table

L=PA? = (VAP oo /APy

) (P[, P][)/ = P]A]PI/—FP[]A]]PII where



L=PA? =

3. SAS
(1) SAS code

(2) SAS output

X; 52 F F, h? i
X1 5 Z?l /l?q h% 87,2 - 1/)1
Xp s l?)l ?12711 iy s = ¥
?:1 Ai J?lz =M\ fc? = g 3—1 Ai f:q—‘rl Ai
= (VAP s \JAGP,), L, = V2L,
Zi | Dii Iy Iy BEZ Vs
Zu| 1| /s L/st | Bi/st | /st
Zp lpl/ésp l?,q/ésf, hf,/s]% 77Z’P/sfv
p flz fqz tr(LZle) tr(\IfZ)
data a;
infile "D\ex.txt";
input x1 x2 x3;
proc factor nfactor=2 COV;
var x1 x2 x3;
run;
Eigenvalue of Covariance
Total A1 + A2 + A3 Average %
Eigenvalue Difference  Proportion Cumulative
A1 A1 — A2 /DN A/ N
A2 A2 — A3 X/ YN (A A)/ DN
A3 A3/ DA 1

T vl

Factor Pattern
Factor 1 Factor 2
211/81 1\12/51
£\21/52 lA22/52
I31/53 l32/53

Variance explained by each factor

Factor =~ Weighted Unweighted
Factor 1 ff ]?122
Factor 2 f;z fgz

Communality
Weighted: >, h2 Unweighted: Zlﬁ;
Variable Communality Weight

X1 5= =13 1/s1 51 s

X th = h%/ 52 55

X33 hgg = h%/ 53 53




