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¨#¥· �«^® Á ©@§�¡aµ@µH§m­�´#¡a­#³pªP²Z§PéDèDéD¥¤´�ªe´J§¯´#´#¥F¢·§
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ªP«@£�¨#©a§� �¡a¨J§m­¯éHë2é'¥¤´�ªP«e§ZàQ¨J§m­*¥¤ P­�´J§¯´*´#¥¤¢·§�´#¡a­#³pªP²Z§P® Á ©a§�ªP«a¶�¢·§¯´�»H§m¨j�A§m§¯«�¨#©a§¯´J§�´#¡a­JË

³iªP²Z§¯´Bªz­*§�£a§m¨J§m­*º�¥¤«@§¯£�»Q¹[¨#©@§�´#¡a­#³pªP²Z§�¨J§¯«@´#¥· �«@´¯éQ��©@¥¤²*©{ªz­#§�µ+­# PµH§m­#¨#¥·§¯´A P³D¨#©@§�ß(¡@¥¤£@´

¥¤«~ÄP �¢¤ÄP§¯£^®)É�¥·¶�¡a­#§ @ ¥¤´�ªl¡@´J§m³p¡@¢�¶�¡@¥¤£a§{¨J X£a§8U+«@¥F«a¶U¨#©a§¯´#§�ªP«a¶�¢·§¯´m®oÔX§�£@§8U+«a§{¨#©a§
ªP«a¶�¢·§�»'§m¨Í��§m§¯«{è�ªP«+£�ê
¨J �»H§ v 109 éQ¨#©a§�ªP«a¶�¢·§�»'§m¨Í��§m§¯«{ê�ªP«+£�ëì¨J �»H§ v 1<5 éaªP«@£�¨#©a§
ªP«a¶�¢·§�»H§m¨Í��§m§¯«eëIªP«@£�èl¨J �»H§ v 5>9 é'��©@¥¤²h©U¥¤´� P³�²Z �¡a­*´J§BÆJ¡+´J¨�Ò E F v 1<5 F v 109 ªP´��A§
©@ª¯ÄP§ v 1<5 � v 109 � v 5>9 * Ò E ®�°�¢F´J aé�ªP´�¨#©a§¯´J§ú;gåQ¡@ªP«~¨#¥¤¨#¥·§¯´�ªz­#§�¥¤«lª�³= P­*²Z§
»(ªP¢¤ªP«@²Z§Pé
¹P �¡�º�¡@´J¨�©@ª¯ÄP§ 3±û v 1<5 - v 109 - v 5>9 û�E ®�Ç� s� ��§ÈU+«@£U¨#©a§¯´J§�ªP«a¶�¢·§¯´�§ZàQµ(¢¤¥¤²m¥·¨#¢·¹�³i­# �º
¨#©a§�¢¤ª¯�ì P³�²Z �´*¥¤«a§¯´BªP«@£�¨#©@¥¤´�³i P­*²Z§�»+ªP¢¤ªP«+²Z§� P³ù¨#©@§�´#¡a­#³pªP²Z§�¨J§¯«@´#¥¤ �«@´8^

v 109 *4E F)ªz­*²m²Z �´sæ ; 91<5 � ; 95>9 F�; 9109Ò.; 1<5 ; 5>9 ç - æqÏPç

ªP«@£

v 1<5 *4E F)ªz­*²m²Z �´sæ ; 9 5>9 � ; 9109 F�; 91<5Ò.; 5>9 ; 109 ç H æ Î�ç
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´#¡a­#³pªP²Z§�ê�ªz¨�¨#©a§�­*ªP£+¥¤¡@´ B) é@¨#©a§¯«��A§�º�¡@´J¨B©@ª�ÄP§ 3 � BD � v 109 ®��Í³ù¨#©@¥¤´��A§m­#§2«@ P¨B¨#©a§
²mªP´J§�¨#©@§¯«�¨#©@§�£a­* Pµ)�A �¡@¢¤£�»'§�¦ ¨#¥·µ@µH§¯£ì¦x¡@µ)¨J Q �³pªz­�ªP«@£)¨#©@§�´#¡@­#³iªP²Z§�èâ�� �¡+¢¤£o»H§
¥¤«@²m¢¤¥¤«@§¯£�¥¤«@´J¨J§¯ªP£� P³�»H§m¶�¥¤«@«+¥¤«a¶�ªz¨�ª�Âm§m­# 
´#¢· PµH§�ªP«@£�£a§¯²Z­#§¯ªP´*¥¤«a¶a®$�L«[³pªP²Z¨"¥·³�BD * v 109 é
¨#©a§¯«
¨#©a§B³pªP²Z¨�¨#©+ªz¨�¨#©a§�´#¡@µ@µ+¢·§¯º
§¯«d¨� P³H¨#©a§�´#¡@ºI P³ v 109 ªP«@£
¨#©@§�²Z �º
µ+¢·§¯º�§¯«~¨� P³ïBD ¥¤´
§¯åd¡@ªP¢�¨J  Î 9 F v 109 � BD é:¨#©a§¯«��A§�©@ª�ÄP§ Î 9 ³= P­�¨#©+¥¤´�ªP«a¶�¢·§�ªP«+£�è�¥F´^ß+ªz¨m®�ÈR¨#ªz¨J§¯£�£@¥äãH§m­#§¯«d¨#¢·¹Pé
¨#©a§�´#¢¤ Pµ'§�ªz¨ B) ¥¤´�Âm§m­* aé�ªP«@£)¨#©Q¡@´2¨#©a§{´#¡a­#³pªP²Z§[è�¥¤´�ß+ªz¨mé�ªP«@£cªP«~¹�¢¤ªz­#¶P§m­�ªP«a¶�¢·§,BD
´#©a �¡@¢¤£[»H§�§Zàa²m¢¤¡@£a§¯£�³=­* �º  �¡@­A²Z �«@´*¥¤£a§m­*ªz¨#¥· �«�® Á ©@¥¤´�ªP¢F´J 2¶�¥¤ÄP§¯´"¡@´� �¡@­üU@­h´J¨�­*§¯¢¤ªz¨#¥· �«
»'§m¨Í��§m§¯«�¨#©a§�£@¥äãH§m­#§¯«~¨�»H �¡@«@£@ªz­#¹�²Z �«@£@¥·¨#¥¤ �«@´m®ù�Í³^�A§�©@ª�ÄP§ýBD ³i P­�¨#©@§�´#¡a­*³iªP²Z§�ê+éQ¨#©a§¯«
¨#©a§�µ@­# PµH§m­B²Z �«d¨#ªP²Z¨�ªP«@¶�¢·§�³i P­B¨#©a§�´#¡@­#³iªP²Z§�èe�A �¡@¢¤£{»H§�BDþw ^ * v 109 FÿBD ® Á ©@¥F´"ªP«a¶�¢·§
¥¤´"£a ���«M³=­* �º5©a P­*¥·Âm �«d¨#ªP¢�£@¡@§�¨J [¥¤«dÄP§m­#¨#¥¤«a¶aé@ª�µ@­* Q²Z§¯´#´B��§�£@§¯´#²Z­*¥·»H§�º
 �º
§¯«d¨#ªz­*¥¤¢·¹P®
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Ç� s�I�A§�«a§m§¯£l¨J �£a§¯´#²Z­*¥¤»'§2¨#©a§�²*©+ªz­*ªP²Z¨J§m­� P³�¨#©a§
 �¡a¨J§m­�´#¡a­*³iªP²Z§Pé�ë2® Á ©a§m­#§�ªz­#§

´J§mÄP§m­*ªP¢$µH �´#´#¥¤»+¥¤¢¤¥·¨#¥¤§¯´�ª¯ÄzªP¥¤¢¤ªz»(¢·§K^�ë ´#¢· PµH§¯´�£a ���«X¨J  3 éùë ´#¢· PµH§¯´�¡@µX¨J  3 éùªP«+£X �«a§
²mªP´J§� P³^§¯ªP²h©���©a§m­#§Bë ¥¤´�²m¡a­*¢·§¯£[ �ÄP§m­¯®$ÔX§� P»@¨#ªP¥¤«�¨#©a§¯´J§�²mªP´J§¯´�»Q¹�¢· Q P¦Q¥F«a¶�ªz¨A´*¥¤º
µ+¢·§

©@ªP«@£M£a­*ª���«�µ(¥¤²Z¨#¡a­#§¯´"ªP«@£U§ZàQµ(¢· P­*¥¤«a¶�¨#©a§�µ' �´*´#¥·»+¥¤¢F¥·¨#¥·§¯´�²Z �«+´#¥¤£a§m­*¥F«a¶
£@¥äãH§m­#§¯«~¨�ªP«a¶�¢·§

²Z �«VU@¶�¡a­*ªz¨#¥¤ �«@´m® Á ©a§¯´#§l¢FªP´J¨{¨j�A �²mªP´J§¯´�º�ª�¹ ´J§m§¯º.µ(©~¹R´#¥¤²mªP¢¤¢¤¹�¡@«@¢¤¥·¦P§¯¢¤¹Pé"»+¡a¨{ªz­#§
¥¤«@²m¢¤¡@£@§¯£X´J UªP´�«a P¨�¨J l£@¥¤´#ªP¢F¢· ��0¨#©a§¯º�®MÔX§�©@ª�ÄP§[¨Í�� l²mªP´J§¯´�³= P­ 3\û v 109 û Î 9 ^�¥¤³
v 1<5 û v 5>9 ¨#©a§¯«gë�´*¢· PµH§¯´�£@ ���«^é�ªP«@£g¥·³�«a P¨�¨#©a§¯«gë�´*¢· PµH§¯´�¡@µ�®o¸� s��§mÄP§m­�¥·³B�A§
²Z �«@´#¥¤£a§m­ v 109 Û Î 9 é+¨#©a§�´#¥·¨#¡@ªz¨#¥· �«e¥¤´Bº�¡@²*©�º
 P­#§�²Z �º
µ+¢¤¥F²mªz¨J§¯£^®�ÔX§2»@­*§¯ªz¦�¨#©+¥¤´�¥¤«d¨J 
¨j�A [²m¢¤ªP´#´J§¯´� P³$´#¥·¨#¡@ªz¨#¥· �«+´8^$¥·³±BD û,Î 9 ªP«@£M¨#©a§�¥F«~¨J§m­#³pªP²Z§�¥¤´B»'§¯¢¤ ��4¨#©a§�º[¥¤£@£@¢·§� P³�¨#©a§
£a­# Pµ�éQ P­"§¯¢¤´J§�BD Û Î 9 ��¥·¨#©�¨#©a§�¥¤«d¨J§m­#³iªP²Z§�ªz»H sÄP§�¨#©@§�º[¥¤£@£@¢·§� P³x¨#©a§�£a­# Pµx® Á ©a§m­#§�ªz­#§
¨#©a­#§m§
²Z �«VU@¶�¡a­hªz¨#¥· �«@´�²Z �«~¨#ªP¥F«a§¯£X¥¤«e§¯ªP²*©o²m¢¤ªP´*´m®�É�¥·­*´J¨��A§�²Z �«+´#¥¤£a§m­�BD û Î 9 ®��Í³ 3�û
BD û æ Î 9 F v 1<5 ç'¨#©a§¯«�ëg¥¤´H³i �¢¤£a§¯£� sÄP§m­DªP«@£�´*¢· Pµ+¥¤«a¶"£a s��«^®D�Í³^æ Î 9 F v 1<5 ç û BD û æ E F v 1<5 ç
¨#©a§¯«�ë ¥¤´�º
§m­#§¯¢·¹U´*¢· Pµ+¥¤«a¶�£a ���«^®�Ç� s� ¥·³�æ E F v 1<5 ç û BD û v 109 ¨#©a§¯«�ë ¥¤´�º
§m­#§¯¢¤¹
´#¢· Pµ+¥¤«@¶�¡aµx®ùÉa P­�¨#©a§B´J§¯²Z �«@£[²m¢¤ªP´#´mé���©a§m­#§´BD Û Î 9 �A§B¶P �¨#©a­* �¡a¶�©�¨#©a§"¨#©a­#§m§B²mªP´#§¯´m®$�Í³3�û BD û æ E F v 1<5 çù¨#©a§¯«[ë ¥¤´�º
§m­#§¯¢·¹
´#¢· Pµ(¥¤«a¶�£a ���«^®��Í³$æ E F v 1<5 ç û BD û æ � Î9 F v 1<5 çhé
¨#©a§¯«Më º
§m­#§¯¢·¹{´#¢· PµH§¯´"¡aµ�® t ªP´J¨#¢·¹{¥·³"æ � Î9 F v 1<5 ç û BD û v 109 ¨#©a§¯«Më ¥¤´"³i �¢¤£a§¯£{ �ÄP§m­�é
´#¢· Pµ+¥¤«@¶�¡aµx®

ÈQ 2«@ ���éd¦P§m§mµ+¥¤«a¶�¥¤«�º�¥¤«+£�¨#©@ªz¨�¨#©@§�²Z �«~¨#ªP²Z¨"ªP«a¶�¢¤§�³i P­�ë4¥¤´�£@§8U+«a§¯£
³i P­A«@§m¶�ªz¨#¥·ÄP§
Ä:ªP¢¤¡@§¯´mé��A§�²mªP«úU+«+£�ª�­#§¯¢¤ªz¨#¥¤ �«
³= P­�¨#©a§�¥¤«+¥·¨#¥¤ªP¢RªP«a¶�¢·§Pé BD�x é~ P³Hë ¨#©@ªz¨�£a§mµH§¯«@£@´� �«[¨#©a§
Ä:ªP¢¤¡@§B³= P­\BD éRªP´A��§�£@¥¤£
³i P­�BD w ®�Ç� ��4¥·³'ë ¥¤´�´#¢· Pµ+¥¤«@¶�¡aµ[�A§�©+ª¯ÄP§ýBD x ^ *4E F BD F v 1<5
ªP«@£�¨#©a§�´#¡a­#³pªP²Z§�ëì¥¤´�ªP²Z¨#¡@ªP¢¤¢·¹�¥¤«dÄP§m­#¨J§¯£{³=­* �º ¨#©+ªz¨B£a§¯´#²Z­*¥·»H§¯£�¥¤«�Ê�©@ªzµ@¨J§m­BÒQéa��©@¥F²*©
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��§�ªP²h©@¥·§mÄP§�»Q¹�­#§mµ+¢¤ªP²m¥¤«@¶�ë »d¹ZF"ë2® � «{¨#©a§� P¨#©@§m­�©@ªP«@£^éa¥·³ùë ¥F´"´#¢· Pµ+¥¤«@¶�£@ ���«{�A§
©@ª¯ÄP§4BD x ^ * BDZ� v 1<5 F E é@��¥·¨#©{ë	¥F«M¥·¨#´"¡@´#¡@ªP¢^´#§¯«@´J§P®
Éa P­�¨#©a§�¨J Pµxé(èDé'ªP«@£U¨#©a§�»H P¨J¨J �ºMé'ê+é'�A§�²mªP«�º�ªz¨#²*©+¥¤«a¶[¨#©@§¯´J§�´*¡a­#³pªP²Z§¯´�ªz¨ B) »d¹

§¯¢¤¥¤º�¥¤«+ªz¨#¥¤«a¶�¨#©a§ t ªz¶P­*ªP«a¶P§{º2¡@¢¤¨#¥·µ+¢¤¥·§m­ s ®M¬�§8U(«a§±d5ªP«@£ a »Q¹lè * F d F �ê ÷øö r ÷øö
ªP«@£Xê * a � �ê ö m r ÷øö ® Á ©a§¯«´ù,d * n 1<5 dÞªP«@£âù a * n 5>9 a ®�Ç� �� èùæ B) ç * ê'æ B) ç
¥¤º
µ+¢¤¥¤§¯´�¨#©@ªz¨

s * F�� d
æ B) ç �ýa æ B) ç>� n 1<5 ; 1<5 n 5>9 ; 5>9n 1<5 ; 1<5 � n 5>9 ; 5>9 H æ Ì�ç

ÓA¡@¨�¥·³��A§
µ+¡a¨�¨#©@¥¤´�»(ªP²#¦X¥¤«d¨J M¨#©a§
§¯åd¡+ªz¨#¥· �«@´�¨#©@ªz¨��A§[£a§8U(«a§¯£´dÞªP«@£ a ��¥·¨#©��A§
¶P§m¨

èùæ B) ç * êHæ B) ç * n 5>9 ; 5>9 a æ B) çþF n 1<5 ; 1<5 d
æ B) çn 1<5 ; 1<5 � n 5>9 ; 5>9 - æ (83 ç
��©@¥¤²h©M¥¤´���©@ªz¨"�A§��A§m­#§�ªz³i¨J§m­¯®

ÓA§¯²mªP¡@´J§��A§�¦R«a ��4©a s� ¨J �´# �¢·ÄP§�¨#©a§�´#§¯´#´#¥¤¢·§�§¯åd¡+ªz¨#¥· �«@´�«d¡+º
§m­*¥¤²mªP¢¤¢¤¹Péd«a s� ªP¢F¢+�A§
«a§m§¯£�¨J �£a 2¨J 
¶P§m¨"¨#©@§�¡@µ@µH§m­�´#¡a­*³iªP²Z§PéaèDéQ¨J 
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        % driver file for the drop problem
        % adjust the densities and the surface tensions to 
        % find drops with those atributes.

        % Declare the global variable for the initial guesses
        % to be used to speed calculations and adapt the guess to one
        % closer to the desired value.
        global iguess
        iguess=[.5;.5;.5]’;

        % set the radius
        r=1;

        % Densities:
        rho0 = 0;
        rho1 = 10;
        rho2 = 20;

        % Surface tensions:
        sigma01 = 10;
        sigma02 = 10;
        sigma12 = 15;

        % determine the kappa’s
        % where here acceleration due to gravity is g
        g = 9.80665;
        k01 = (rho1-rho0)*g/sigma01;
        k02 = (rho2-rho0)*g/sigma02;
        k12 = (rho2-rho1)*g/sigma12;

        % determine the angles from the surface tensions
        % using the law of cosines
        gamma02 = pi-acos((sigma02^2-sigma01^2-...
                sigma12^2)/(-2*sigma01*sigma12));
        gamma01 = pi-acos((sigma01^2-sigma12^2-...
                sigma02^2)/(-2*sigma12*sigma02));
       

        % determine via fzero the correct psibar
        % here tolerance is set to 10^-6
        opt = optimset(’tolx’,1e-6);
        psiguess = gamma02/3;
        [psibar,fval,exitflag,output] = fzero(’matchlight’,psiguess...
                ,opt,k01,k02,k12,sigma01,sigma02,sigma12,...
                gamma01,gamma02,r);
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        % if fzero did not find a psibar that is a root of matchlight 
        % then we display an error message
        if exitflag < 0
                error(’failed to find a psibar that made the drop ...
                and the outer surface meet.’)
        end

        % create the final surfaces.
        % beginning with the upper and lower surfaces
        [v u] = drop2(gamma02,psibar,k01,k12,sigma01,sigma12,r);

        % picking which outer surface to plot for the graph
        % this is just to generate the outer surface from rbar out
        % to a reasonable radius
        [psi w slope] = angleswitch(gamma02,gamma01,psibar,k02,r);
        [m,n] = size(w);
        [p,q] = size(psi);

        switch slope
                case ’down’
                        angle = [psi(p) .3*psi(p)];
                        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
                        [theta,w] = ode45(’sessile’,angle,...
                                [w(m,1) w(m,2)],options,k02);
                
                case ’up’
                        angle = [psi(p) .3*psi(p)];     
                        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
                        [theta,w] = ode45(’sessile’,angle,...
                                [w(m,1) -w(m,2)],options,k02);
                        w(:,2) = -w(:,2);

                case ’fold down’
                        angle = [psi(p) .3*psi(p)];
                        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
                        [theta,w] = ode45(’sessile’,angle,...
                                [w(m,1) w(m,2)],options,k02);

                case ’fold up’
                        angle = [psi(p) .3*psi(p)];     
                        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
                        [theta,w] = ode45(’sessile’,angle,...
                                [w(m,1) -w(m,2)],options,k02);
                        w(:,2) = -w(:,2);
        end

        % plotting the surface
        % the pairs that begin with the negative value correspond 
        % to the values on the left half plane  
        plot(v(:,1),v(:,2),-v(:,1),v(:,2),u(:,1),u(:,2),-u(:,1),...
                u(:,2), w(:,1),w(:,2),-w(:,1),w(:,2))
        axis equal
        xlabel(’radius(r)’)
        ylabel(’height(u)’)
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        function error=matchlight(psiguess,k01,k02,k12,sigma01,...
                sigma02,sigma12,gamma01,gamma02,r)
        % this function computes the error between the drop and the 
        % outer surface for the light surface.

        % call the light drop function to calculate the upper
        % and lower surfaces for the interface point.
        [v u] = drop2(gamma02,psiguess,k01,k12,sigma01,sigma12,r);

        % temporary plotting used for error checking and debugging
        % figure(9)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2))

        % call the outer surface
        [theta w slope] = angleswitch(gamma02,gamma01,psiguess,k02,r);

        % temporary plotting used for error checking and debugging
        % figure(10)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2),w(:,1),w(:,2))
        % pause

        % getting the proper elements from each 
        % of the surface height vectors
        [m1 n1] = size(u);
        [m2 n2] = size(w);
        
        heightu = u(m1,n1);
        heightw = w(m2,n2);

        % determining the discrepancy between the inner surfaces at rbar
        % and the outer surface there.
        error = heightu-heightw;
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        function [v,u]=drop2(gamma02,psibar,k01,k12,sigma01,sigma12,r)
        % This function constructs the light drop 
        % with a upper sessile surface and a lower sessile surface
        % 
        % Input:
        % gamma02       angle between the two surfaces
        % psibar        angle of the lower surface from horizontal
        % k01           capillary constant for the upper surface
        % k12           capillary constant for the lower surface
        % sigma01       surface tension for the upper surface
        % sigma12       surface tension for the lower surface
        % r             radius of the interface point
        %
        % Output:
        % v             radius and height matrix for the lower surface
        % u             radius and height matrix for the upper surface

        % declare global variable for the initial conditions
        global iguess

        % resetting these if they get too close to 0, as that is not a
        % good value to start with
        if iguess(1) < .05
           iguess(1) = .5;
        end
        if iguess(2) < .05
           iguess(2) = .5;
        end

        % call the sessile surface function
        % giving it the cap. constant, radius, and angle
        [psi v] = Usurf(k12,r,psibar,iguess(2));

        % resetting the initial value guess for the lower surface
        % to speed calculation and help find good values
        iguess(2) = v(1,2);

        % call the upper surface function
        % giving it the cap. constant, radius, and angle
        % here the angle is gamma02-psibar as the surface
        % is inverted
        [psi u] = Usurf(k01,r,gamma02-psibar,iguess(1));

        % resetting the initial value guess for the upper surface
        % to speed calculation and help find good values
        iguess(1) = u(1,2);

        % matching the heights of the two surfaces
        % calculating lambda to adjust the height of both surfaces
        % so that they match
        % this formula came from the waterloo fax
        [m1 n] = size(v);
        [m2 n] = size(u);
        lambda = -[u(m2,2)+v(m1,2)]*k01*sigma01*k12*...
                sigma12/(k01*sigma01+k12*sigma12);

        v(:,2) = v(:,2)+lambda/(k12*sigma12);

        u(:,2) = -u(:,2)-lambda/(k01*sigma01);
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        function [psi,u]= Usurf(k,r,psibar,u0guess)
        % This function first determines the correct initial
        % value for u0 using fzero, then constructs the sessile surface
        %
        % Input:
        % k             capillary constant
        % r             radius
        % psibar        ending angle from horizontal
        % u0guess       the initial guess for the fzero function
        %
        % Output:
        % psi           The vector of angles at which there are values
        % u             The matrix of radii and height for the psi values
        % u0            return the initial value from the fzero function
        %               used for error checking
                

        % find the correct initial value for u0
        % setting the options to 10^-6
        opt = optimset(’tolx’,1e-6);
        [u0,fval,exitflag,output] = fzero(’uode’,u0guess,opt,k,r,psibar);
        
        % error message if fzero fails to find the correct value for u0
        if exitflag < 0
           error(’failed to find an initial guess that made the ...
                sessile surface meet the needed values at rbar.’)
        end

        % now compute the correct surface with options set to 10^-8
        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
        [psi,u] = ode45(’sessile’,[0 psibar],[0 u0],options,k);

        % error checking, used in debugging and testing.
        % [m n] = size(u);
        % end_error = r-u(m,1);
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        function error=matchlight(psiguess,k01,k02,k12,sigma01,...
                sigma02,sigma12,gamma01,gamma02,r)
        % this function computes the error between the drop and the 
        % outer surface for the light surface.

        % call the light drop function to calculate the upper
        % and lower surfaces for the interface point.
        [v u] = drop2(gamma02,psiguess,k01,k12,sigma01,sigma12,r);

        % temporary plotting used for error checking and debugging
        % figure(9)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2))

        % call the outer surface
        [theta w slope] = angleswitch(gamma02,gamma01,psiguess,k02,r);

        % temporary plotting used for error checking and debugging
        % figure(10)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2),w(:,1),w(:,2))
        % pause

        % getting the proper elements from each 
        % of the surface height vectors
        [m1 n1] = size(u);
        [m2 n2] = size(w);
        
        heightu = u(m1,n1);
        heightw = w(m2,n2);

        % determining the discrepancy between the inner surfaces at rbar
        % and the outer surface there.
        error = heightu-heightw;
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        function error=uode(u0guess,k,r,psibar)
        % This function is called by fzero to determine the proper 
        % initial condition to meet the correct angle at 
        % the prescribed radius
        % 
        % Input:
        % u0guess       initial guess for the initial condition
        % k             capillary constant
        % r             radius
        % psibar        ending angle from horizontal
        %
        % Output:
        % error         the difference between the final radius we want
        %               and the radius that a u0 gives

        % setting tolerence to 10^-8
        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
        
        % calling the ode solver, ode45, integrating from 
        % psi=0 to psi=psibar.
        [psi u] = ode45(’sessile’,[0 psibar],[0 u0guess],options,k);

        % returning the difference between r and the radius 
        [m n] = size(u);
        error = r-u(m,1);

        % error checking.  this was used in debugging and to get 
        % ideas of the behavior of the program
        % u0guess;
        % rbar = u(m,1);
        % psibar_error = psibar-psi(m,1);
        % if error == 1
        %       u(:,1);
        % end
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        function out1=sessile(psi,u,flag,k)
        % This function is the ODEfile for the different surfaces
        % 
        % Input:
        % psi           angle that is integrated to
        % u             initial conditions of the diff. eq.: [radius height]’
        % flag          Currently set this equal to [] for a placemaker
        % k             capillary constant
        %
        % Output:
        % out1          returns the values of the solution matrix

        % the first condition is l’Hopital’s rule for the second 
        % condition this is done because the DE’s are 
        % undefined at r,psi = 0.
        if psi == 0
                out1 = [2/(k*u(2)) 0]’;
        else
                out1 = [u(1)*cos(psi)/((k*u(1)*u(2)-sin(psi)))
                u(1)*sin(psi)/(k*u(1)*u(2)-sin(psi))];  
        end
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        function [theta,w,slope]=angleswitch(gamma02,gamma01,...
                psibar,k,r)
        % to determine which version on the outer surface to use
        % and pass the needed information along to Osurf

        % determine the angle gamma12 from the other two angles
        gamma12 = 2*pi-gamma01-gamma02;

        % this if condition finds the proper configuration of the 
        % outer surface and then send the necessary information 
        % to Osurf.
        if gamma02 <= pi/2
                if gamma01 <= gamma12
                        % slopes down here
                        slope = ’down’;
                        [theta w] = Osurf(k,r,psibar+gamma01-pi);
        
                elseif gamma01 > gamma12
                        % put slopes up here
                        slope = ’up’;
                        [theta w] = Osurf(k,r,pi-psibar-gamma01);
                        w(:,2) = -w(:,2);
                end

        elseif gamma02 > pi/2
                if psibar <= pi/2-gamma01
                        % outer surface is folded over sloping down
                        slope = ’fold down’;
                        [theta w] = Osurf(k,r,psibar+gamma01-pi);
                        
                elseif (pi/2-gamma01 < psibar)&...
                        (psibar < pi-gamma01)&(psibar <= pi/2)
                        % outer surface slopes down
                        slope = ’down’;
                        [theta w] = Osurf(k,r,psibar+gamma01-pi);

                elseif (psibar >= pi-gamma01)&(psibar <= pi/2)
                        % outer surface slopes up
                        slope = ’up’;
                        [theta w] = Osurf(k,r,pi-psibar-gamma01);
                        w(:,2) = -w(:,2);
        
                elseif (psibar <= pi-gamma01)&(psibar > pi/2)
                        % outer surface slopes down
                        slope = ’down’;
                        [theta w] = Osurf(k,r,psibar+gamma01-pi);
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                elseif (pi-gamma01 < psibar)&...
                        (psibar < 3*pi/2-gamma01)&(psibar> pi/2)
                        % outer surface slopes up
                        slope = ’up’;
                        [theta w] = Osurf(k,r,pi-psibar-gamma01);
                        w(:,2) = -w(:,2);

                elseif (psibar >= 3*pi/2-gamma01)
                        % outer surface is folded over sloping up
                    slope = ’fold up’;
                        [theta w] = Osurf(k,r,pi-psibar-gamma01);
                        w(:,2) = -w(:,2);

                end
        end
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        function [theta,w]= Osurf(k,r,thetabar)
        % This function first determines the correct initial
        % value for u0 using fzero, then constructs the outer surface
        %
        % Input:
        % k             capillary constant
        % r             radius
        % thetabar      ending angle from horizontal
        %               NOTE: this is opposite from the rest of the psibar’s
        %
        % Output:
        % theta         The vector of angles at which there are values
        % u             The matrix of radii and height for the psi values

        % Find the correct initial values for r and w
        % using the guess for the radius close to the radius desired
        % setting the tolerance of fzero to 10^-6
        % where here the important output being the value for 
        % the radius at the vertical point
        rguess = r-.1;
        opt = optimset(’tolx’,1e-6);
        [rpi2,fval,exitflag,output] = fzero(’oode’,rguess,opt,...
                        k,r,thetabar);

        % error message if the fzero call does not 
        % produce the needed value.
        if exitflag < 0
           error(’failed to find an initial guess that made the...
                outer surface match the values needed at rbar.’)
        end

        % now compute the correct surface with options set to a 
        % tolerance of 10^-8. The rescaling from kappa = 1 is 
        % necessary here to account for the fact that the table 
        % from hartland and hartley has kappa = 1
        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);
        [theta,w] = ode45(’sessile’,[-pi/2 thetabar],...
                [rpi2 (1/sqrt(k))*interp(sqrt(k)*rpi2)],options,k);
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        function error=matchlight(psiguess,k01,k02,k12,sigma01,...
                sigma02,sigma12,gamma01,gamma02,r)
        % this function computes the error between the drop and the 
        % outer surface for the light surface.

        % call the light drop function to calculate the upper
        % and lower surfaces for the interface point.
        [v u] = drop2(gamma02,psiguess,k01,k12,sigma01,sigma12,r);

        % temporary plotting used for error checking and debugging
        % figure(9)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2))

        % call the outer surface
        [theta w slope] = angleswitch(gamma02,gamma01,psiguess,k02,r);

        % temporary plotting used for error checking and debugging
        % figure(10)
        % plot(u(:,1),u(:,2),v(:,1),v(:,2),w(:,1),w(:,2))
        % pause

        % getting the proper elements from each 
        % of the surface height vectors
        [m1 n1] = size(u);
        [m2 n2] = size(w);
        
        heightu = u(m1,n1);
        heightw = w(m2,n2);

        % determining the discrepancy between the inner surfaces at rbar
        % and the outer surface there.
        error = heightu-heightw;
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        function error=oode(rguess,k,rbar,thetabar)
        % This function is called by fzero to determine the proper 
        % initial condition to meet the correct angle at the 
        % prescribed radius
        % 
        % Input:
        % k             capillary constant
        % rguess        guess radius
        % thetabar      ending angle from horizontal
        % rbar          ending radius
        %
        % Output:
        % error         the difference between the final radius we want
        %               and the radius that a w0 gives

        % setting tolerence to 10^-8
        options = odeset(’AbsTol’,1e-8,’RelTol’,1e-8);

        % calling the ode solver, ode45, integrating from 
        % theta=-pi/2, the vertical point to theta=thetabar, 
        % the desired angle at rbar
        % here we need to rescale to account for kappa = 1 
        % in the table from hartland and harley, to a genral kappa
        [theta w] = ode45(’sessile’,[-pi/2 thetabar],...
                [rguess (1/sqrt(k))*interp(sqrt(k)*rguess)],options,k);

        % returning the error
        [m n] = size(w);
        error = rbar-w(m,1);

Ý w



function wpi2 = interp(r)
% This function finds a height that corresponds with
% the radius, using the interpolation of the 72 points below
% rtheta = values of rext at theta=pi/2
% wtheta = values of uext at theta=pi/2

rtheta=[1.66139E-4 1.96171E-4 2.30101E-4 2.68422E-4 3.11686E-4 ...
        3.60506E-4 4.15569E-4 4.77640E-4 5.47575E-4 6.26330E-4 ...
        7.14970E-4 8.14686E-4 9.26810E-4 1.05282E-3 1.19438E-3 ...
        1.35334E-3 1.53176E-3 1.73194E-3 1.95645E-3 2.20815E-3 ...
        2.49023E-3 2.80626E-3 3.16021E-3 3.55649E-3 4.00004E-3 ...
        4.49636E-3 5.05155E-3 5.67245E-3 6.36664E-3 7.14259E-3 ...
        8.97844E-3 1.12688E-2 1.41237E-2 1.76789E-2 2.21024E-2 ...
        2.47026E-2 3.08308E-2 3.84363E-2 4.28978E-2 5.33872E-2 ...
        7.39397E-2 1.02039E-1 1.40144E-1 1.91188E-1 2.84893E-1 ...
        3.78175E-1 5.36685E-1 7.34386E-1 9.67774E-1 1.23124    ...
        1.51893    1.82571    2.14750    2.65159    2.99862    ...
        3.53160    3.89350    4.44408    4.81536    5.37739    ...
        5.75495    6.32485    6.70682    7.28234    7.66752    ...
        8.24722    8.63482    9.21769    9.60715    1.01925E1  ...
        1.05834E1  1.11708E1];

utheta=[1.58027E-3 1.83333E-3 2.11372E-3 2.42440E-3 2.76858E-3 ...
        3.14977E-3 3.57179E-3 4.03880E-3 4.55533E-3 5.12633E-3 ...
        5.75719E-3 6.45377E-3 7.22248E-3 8.07027E-3 9.00471E-3 ...
        1.00340E-2 1.11672E-2 1.24138E-2 1.37845E-2 1.52907E-2 ...
        1.69447E-2 1.87598E-2 2.07505E-2 2.29324E-2 2.53223E-2 ...
        2.79383E-2 3.07999E-2 3.39280E-2 3.73450E-2 4.10751E-2 ...
        4.95786E-2 5.96653E-2 7.15912E-2 8.56423E-2 1.02134E-1 ...
        1.11402E-1 1.32203E-1 1.56338E-1 1.69773E-1 1.99604E-1 ...
        2.52363E-1 3.15435E-1 3.88924E-1 4.71780E-1 5.92178E-1 ...
        6.84499E-1 8.01379E-1 9.03515E-1 9.87540E-1 1.05439    ...
        1.10694    1.14832    1.18121    1.21901    1.23861    ...
        1.26205    1.27470    1.29035    1.29906    1.31013    ...
        1.31645    1.32465    1.32941    1.33571    1.33942    ...
        1.34439    1.34736    1.35138    1.35381    1.35713    ...
        1.35914    1.36192];

%Interpolation done with a cubic spline 
wpi2 = spline(rtheta,utheta,r);

Ý N



        function out = diff_surf(k01,k02,k12,sigma01,sigma02,sigma12,
        gamma01,gamma02,r)
        % this function checks the interval from 0 to gamma02
        % looking for sign changes in the matching function
        % if out = 0 there was no sign change, otherwise
        % it returns an interval around where the sign change 
        % occurs.
        % the main use is if the automated code fails to find the 
        % drop then this can be used to manually find the interval 
        % where the sign changes in F and then the output can be 
        % substituted for the initial guess in MAIN.m, where it will 
        % find the correct surface as long as this
        % function does not return 0.

        % finding a range of values for the angle psi, and restricting 
        % this away from the endpoints of possible solutions, as the 
        % differential equation solvers have problems there
        psibar = linspace(0,gamma02,16);
        psibar = psibar(4:13);
        
        % Looping over the different angles, 
        % getting values of this function F
        % that we want to fing the zero of.
        for i = 1:10 
           diff(i) = matchlight(psibar(i),k01,k02,k12,sigma01,...
                sigma02,sigma12,gamma01,gamma02,r);
        end

        % looking for the sign change, and if there is none, 
        % the default for the output is zero.
        out = 0;
        for i = 1:9
           if sign(diff(i))+sign(diff(i+1)) == 0
              out = [psibar(i) psibar(i+1)];
           end
        end

Ý v


