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Values of pseudoriemannian sectional cuvature

JouN K. BEEM and PHiLLiP E. PARKER

1. Introduction

In a Riemannian space (X, g) all two dimensional tangent planes are non-
degenerate and the sectional curvature is a continuous function. If p is a fixed
point of X, the planes of the tangent space T,X form a compact set and it follows
that the sectional curvature is bounded at p. If (X, B) is pseudoriemannian the
situation is quite different. In this case the sectional curvature is only defined on
nondegenerate planes and those of T,X form a noncompact subset of the
Grassmannian G,(T,X) whenever dim X =3. Thorpe [9] proved that the sectional
curvature can only be continuously extended to all null planes in the case of
constant curvature. In general, the sectional curvature will not be bounded on the
noncompact subset of G,(T,X) consisting of the nondegenerate planes. Kulkarni
[7] has shown that if dim X =3, then the sectional curvature function is either
bounded from above or from below at p only when it is a constant at p. Harris [6]
and Dajczer and Nomizu [4] noted that the sectional curvature function is
bounded both above and below on all timelike planes at p only when the space
has constant sectional curvature at p. Nomizu [8] has also investigated bounded-
ness conditions on the sectional curvature restricted to nondegenerate planes
which contain some fixed (spacelike) vector v of T,X. He has shown that if every
pencil of planes determined by a spacelike vector v has the property that the
sectional curvature of all spacelike (resp. timelike) planes in the pencil is bounded,
then (X, B) has constant sectional curvature at p. Sectional curvature of
pseudoriemannian manifolds has also been investigated in [3] and [5]. Spaces of
constant sectional curvature have been extensively studied by Wolf [10].

In this paper we study the sectional curvature of pseudoriemannian manifolds
(X, B) of dim= 3. Part of the original motivation for this paper came from our use
of sectional curvature in [2]. Our approach differs from previous studies in that we
begin by expressing the sectional curvature K; at some point p of a three
dimensional Lorentzian manifold (X, 8) as a rational function from RP? to R
which is a ratio of quadrics. The denominator Q, of this ratio is normalized as
x3—x3—x2 on RP? (resp. 1—x?>—y? on R?. The numerator Q, is a quadric
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on UP2 (resp. AX2 + Bxy+ C

Ey + F on M2) which may be degenerate. The null locus Q2 0o corresponds to the
set of degenerate or Null planes in Tpx. A point of the null locus where Qx is
nonvanishing corresponds to a null plane /70¢TpX Wwhere |Kp(17)|&gt;00 as Fl&gt
10. If Q2 is not a scalar multiple of Q9 then a point where Qx and Q2 both
vanish corresponds to a plane 170 of TpX Where the sectional curvature and its
absolute value gare indeterminate in (Riu{alt»} IRP1 a5 17» J70. We find that for a
fixed point p of a three-dimensional Lorentzian manifold there are at most 4 null
planes of Tpx where the sectional curvature is indeterminate in (R1U{oo} IRPL.
Thus in dimension three the sectional curvature must become unbounded near ail
null planes at , with at most four exceptions whenever K is not constant at p
Corresponding to thése (at most) 4 exceptions are (at most) 6 spacelike directions
in TpX such that the sectional curvature is constant on each pencil of planes
determined by one of thése 6 directions. For ail other pencils of planes deter-
mined by a spacelike direction the sectional curvature is unbounded. In higher
dimensions there may be infinitely many degenerate planes which are indetermi-
nate (but thése lie in a set of codimension at least 3) and infinitely many spacelike
directions such that the sectional curvature is bounded on ail planes containing
one of thése directions. On the other hand, our three-dimensional results imply
that the set of spacelike directions which détermine pencils of planes Wwith
unbounded sectional curvature form an open dense subset of the set of ail
spacelike directions. (It can be shown that the complément is of codimension at
least 2)

2. Preliminaries

Let (X, ® be a pseudoriemannian manifold of type . N-S). This means =
can be represented at any point peX a a diagonal matrix with s négative
eigenvalues and n-S positive eigenvalues. There is always an associated
pseudoriemannian manifold (X, 0) of type (n s,s) and results for (X, j3) always
translate into corresponding results for (X, ~/3) after appropriate sign changes.
We shall always take dimX&gt;3 and 2&lt;s&lt;n-l. A vector veTM is spacelike
(resp. null, timelike) if |3(d, u)&l0 (resp. 0, &gto). There are always 2-dimensional
linear subspaces of each TpMm which are négative definite, but there are positive
definite two dimensional linear subspaces of each TPMm only when s&It;n-2 (e,
n-s&gt;2). Whenever 2&lt;s&lt;n-2 ail of our results which hold for spacelike
vectors also hold for timelike vectors. But in the Lorentzian case (ie., s n 1),
this is not true.







































