MATH555
Difierential Equations
Practice Exam |11

1. Determine the Taylor series of the following function about the point X, and determine the

radius of convergence of the series.
f(X) =Inx; Xo = 1:
Solution:
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Apply the ratio test:
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Hence the series converges absolutely for jx j 1j < 1. The radius of convergence is % = 1.



2. Determine all the singular points of the given equation and determine whether each one is regular
or irregular.

x2(1 § X2y + éyo + 4y = 0:

Solution:
00 2 0

4
+ + =
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The three singular points are 0, 1 and j1. Near x =0,

lim xp(x) = lim x 2 = lim 2 does not exist:
xrg PO =00 3L i xX)(1+X) xr0x2 '

So x =0 is an irregular singular point. Near x = 1,
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So x =1 is a regular singular point. Near x = j 1,
lim (x+ 1p(x) = lim (x +1) 2 = lim ;—'1'
X1l P Cxri1 X3(liX)(l+X)_x!i1X3(liX)_I '
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So x = j1is a regular singular point.



3. Determine two linearly independent solutions about x = 0 to the following equation.

(1§ x3)y"§2xy'+2y =0:

Solution: P
x = 0 is an ordinary point of the equation. Lety = nlzo anXx",

X X X
CixXY'= [(M+2(n+Danz i NN j Danx™; xy'=  na,x"=  nax™
n=0 n=1 n=0
X
yri2xy'+2y= [(N+2)(n+1ansz i (N(N i 1) +2n j 2)a,]x" =
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_mihm+2) _nil .
dn+2 = (n+1)(n+2) n —man, n, 0;
which is equivalent to
an = ni 3a yn, 2
n — n i 1 nj2 > -
ap and a; are arbitrary, so the general solution is
y(X) = aoy1(x) + a1y2(x):
For y1(x),
_(il)e1ce3¢cte(2n g 3)a . ay .
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For y2(x),

azs=0)) ayy+1=0; n, L

y2(x) = x:



4. Determine two linearly independent solutions about x = 0 to the following equation.

x2y? + 3xy" + (1 + x)y = 0:

Solution:
It’s easy to verify that x = 0 is a regular singular point. The corresponding Euler equation is

x?y" +3xy' +y = 0:

The indicial equation is
FIN=rril)+3r+1=(0r+12?=0)r=r=jlL

X
y1(X) = x" an(r)x";
n=0

wherer =r, = j1l.

X2y =x"  (n+r)(n+rjlax"; xy'=x"  (n+nax"; (1+xX)y =xT[ (an+an;1)X"+agl:
n=0 n=0 n=1

X
x2y0 +3xy" + (L+X)y = xF [F(n+r)a, + an;1JX" + F(r)asg = 0:

n=1

Since F(r;) =0, ao is arbitrary, we set ap = 1. Forn , 1,
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Since ry =1y,
X
Y2(X) = yai(x) Inx +x™  b,x":
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by = ajh(ry) = i (i)"2 Z(n!)z n.
Therefore,
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5. Determine two linearly independent solutions about x = 0 to the following equation.
9
Xyl +xy’ + ¢ i )y =0

Solution:
It’s easy to verify that x = 0 is a regular singular point. The corresponding Euler equation is

9
Xy +xy' i gy =0:

The indicial equation is

9 3 3 3 3
FO=riD+ri =Ci)r+)=0yn=r=i::
X
yi(x) =x"  an(rx"
n=0
where r = r; = 3=2.
X
xXY'=x" (+nnh+rijlax" xy=x" (n+r)a,x"
n=0 n=0

9 9 9
(Gl Z)y =X (21 Zan)xn i Z(ao+a1><)]:
n=2

X
XY+ xy'+ (¢ %)y =xT  [F(n+n)ay +an;]X" + F(nao + F(r + )a;xg = 0:

n=2

Since F(r;) =0, ag is arbitrary, we setap =1. F(r; +1) &0 ) a; =0 ) ayn+1 =0.
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SinceN =1y j r,=3,
X
y2(X) = ay1(x) Inx +x2  ¢cpx™
n=0

a=lim(r j rp)an(r) = lim(r j rp)az(r) = lim(r j r,)0 =0:
rirp ri¥rp rirp
Since y, does not contain the logarithm term, ¢, = a,(r2). ¢o =1, and
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