1 Solution to Homework 1

Section 1.1

6.
Yeqgt2=0) Yeq = i2:
FYo=Veq, ¥ = 12 FYo>VYeq, () ¥ Last ¥ . Ifyy<ye,y(t) ¥ jLast ¥ 1.

20. From Figure 1.1.10, yeq is 0 and 3. So the difierential equation is either (€) y' = y(y i 3) or
(h) y* =y(3 i y). Since the slope is negative for 0 <y < 3, the correct equation is (e) y* = y(y i 3).

22. Denote the radius, surface area and volume of the raindrop by R, S, and V respectively. By

the assumption,
av

— = jkS;
dt
where k is a constant rate of evaporation. V and S are not independent,
V = %R3; S=4.R?) S = 4...(::’11)2:3 = Qﬁv 2=3.
So the difierential equation for V is
v _ ik936...V2‘3

Z=y'jl=j2+tjyil=iz

i 3;ify(0) > 3, y(t) approaches t j 3 from

So z = Aeit. In other words, if y(0) = 3, y(t) =t
tj3frombelowast ¥ 1.

aboveast ¥ 1;ify(0) < i3, y(t) approaches
Section 1.2

3. (@) Yeg = 2. Let z =Y j Veq.
dz d
Frl d—z = ialy i Yeq) = iaz:
So b
() = Aet™ D y(t) = 3 + Aet;
where A is an arbitrary constant.

(b) 1f y(0) = Yeq, Y() - Veqs If Y(0) > Yeq, Y() ¥ yeq from above ast ¥ 1; if y(0) < e,
y() ¥ yeq frombelowast ¥ 1.

(©)

I. As a increases, yeq decreases toward 0, and the convergence to ye, is faster.
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ii. As b increase, yeq increases, while the convergence rate remains unchanged.
iii. Asaand b increase proportionally, the convergence to ye, is faster, while ye, remains unchanged.

4. (a)
b
ay&ibzo)ye:a:
B)Y =Y ilVe Ve e b
_dy dye_dy _ b oo L
gt dt Vgt dr Vi =alive)=ar
9. (@)
oo Ver _ I
98 i £ =0 Ve = 9:8-5 =49
Let u=V j Ve,
du _dv _ ViVe_ .U
gt dt ' 5 ~'5

u(t) = Aei™ D v(t) = veq + Aei®:
V(0) =0 A= jveg D V(1) = Veg(L i €77
Let the time for the object to reach 98% of its limiting velocity veq be T, then

1§ei™=098%)ei™ =0:02) T=5=In50) T =5In50 ... 19:56:

(b) The distance is
Z Z

v(hdt = Veg(1 i €75°)dt = veq[t + 56 7] = veg[T +5(e7 7= § 1)]
0 0
= Veq(T i 598%) =49(5In50 j 4:9) ... 718:3:

Section 1.3
5. 2nd order nonlinear equation.
6. 3rd order linear equation.

20.
r(ri D jart’ +4t" =0 t"(r* i 5r+4) =0 (ri1)(rij4)=0:

The two roots of r are 1 and 4, so y =t and y = t* solve the difierential equation.
Section 2.1

15. ) .
y+Zy=tijl+:
t 7 t

p(t) = % D . (H=exp p(t)dt=e*"N" =1
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Z YA

(t)—t-1+1) (t) = ! (t) (t)dt—l (t3't2+t)dt—ti2(ﬁ'ﬁ+ﬁ+C)'
U=t 2T 2V =5~ T ! T Yav3 '
11,1 1 1 1 2t 1. 1,
YD =32 413734072207 2Y0= 0% e
20. .
Y+ @A+ Dy=1
t
1 ‘ "
PO =1+ (O =exp p)dt=e""N =te': (t>0)
1 “ 1 1 1. C
— - - - = tt — — (al(t = —1 - T4 .
IO =1Dy)=— ~OuDdt= 5 te'dt= SEEiD+C)=1i T+
1,2
yn2)=1> C=23yM)=1i ¢+ 5
30.
"iy=1+3sint
yiy 3
P =il () =exp p)dt=ei"
z

1 - . - 3 . 3 .
y(t) = T eit(1+3sint)dt =e'[ei'(§1 i E(cost+smt))+C]: ili E(cost+smt)+Cet:

It remains fniteast ¥ A if and only if C = 0, which corresponds to

32.
y° + %y =1.
t z 5
P =5 (O =exp p(t)ydt ="
1 z Z Z
v = et?=4 e dt = &7 7( ) e¥ds + C) = eit™™ i e%"=4ds + Ceit™:

The second terms approachesOast ¥ 1. The flrst term becomes 1 =1 ast ¥ 71, so we can use
the L’Hospital’s rule to fInd its limit,

So all solutions approachesOast ¥ 1.



2 Solution to Homework 2

Section 2.2
6.
z dy z dx .
1jy2 x
arcsiny = Injxj+ C ) y =sin(Injxj + C):
19. Z z

i sin2xdx = cos3ydy:

C0S 2X _sin 3y e
2 3
in _ .1 _sin3y _cos2x+1 . i arcsin(3cos? x) .
y(x) is deflned in an interval around ..=2 in which cos®x = 1=3, ie., [arccos 85 .. j arccos #s].

=Ccos?’X )y ="

@By?iby)dy= (1+3x)dx D y®i3y>=x+x+C:
yO)=1D)C=ji2)yi3y?+2=x+x%

y' = (1 +3x%)=By(y i 2)). y(0) =1 is between 0 and 2, as y(X) varies between 0 and 2, y’' < 0. If
y(Xx+) = 0 for certain X, > 0, and y(x;) = 2 for certain x; < 0, then y' diverges to j 1 at both
points, so the solution is invalid beyond the interval (X;;X+). From y(x.+) = 0, we have

2=%X4 +x32 ) x4+ =1
From y(X;) = 2, we have
22§32 +2=j2=x; +X D x; =il
So the validity interval of the solution is (j1;1).

24. Z Z
B+2y)dy= (2je)dx)) y>’+3y=2xje<+C:
— — 2 — - AX _-3 13- .
y0)=0)C=1)y"+3y=2x+1je*d)y= .§+ 2x+Z|eX.

Since y(0) = 0 > j 3=2, the maximum value of y(x) is attained in the interior of the validity interval,
and so y* = 0 at the maximum point.

yY=0)2ijeX=0) x=In2:



31.
_y. dxp) _ 5 dp _ .
=2 o =P +p+1)x&—p + 1
z Z

d__ OI—X)arctan =Injxj+C:

p =tan(Injxj+C) ) y = xtan(Injxj + C):

P

36.
p:il—(; Zg;p) =p?+3p+1) x:—)‘z:p2+2p+1:(p+1)2:
(pi—pl)z: d%) ipilzlnjxj+C:
p+1l= im)xc imix
Section 2.3

6. (a) For free fall from height h,

dv
=9 vO=0>v(@H=gt
dh Z 1 ., V()
pFri v; h(@0)=0) h(t) = i v(t)dt = Egt TR
So
v="agn:
(b) 40
gt i owout:
dQ _ A(h)dh
dt ~  dt
. . P—
ow out = fiav =fia 2gh:
(c)

fi=0:6; a=.0:1> =..=100 m?; A(h) = ..12 = .. m?; h(0) =3 m;g = 9:8 m=s%:

The solution to the difierential equation is

Adh

— =3 fiadt:
Pgr =1 M
s

A Zg—hz jfiat+ C:



r

h(0)=3) C=A g:
We need to find T at which h(T) = 0. So
Szh T " A"
0=A L: ifiaT+A - D)T=_— - ..13041s:
g fia g

24. (a)

(b) Solving the equation for v(x), we have
V(X) = Ael~*:

v(0) =150 ) A = 150:
— In10 .. 0:00115 ftit:

v(2000) = 15 ) 15 = 150ei-20° )y 5000

Z Z
d_v: ,»dt ) %z,,t+C:

1 V2

(c) To fInd the slow down time T, we need to solve for v(t) from the original equation.

1

v(0)=150 ) C = 150"
1 1 1.1 1 —

v(T)=15) 15 ol 150 )T ”(15 i 150) 52:12 hr ¢ mit*= ¢ ft ... 35:53 sec

s

k2
"= — i
y yl

32. (a)

y! , 0 because the particle should always slide down to minimize the sliding time.

2k? sin i
_ sintcos tdt — oK sin? tdt:

(b)
L2 ein2 _ dy
y=ksin®t ) dx = G—— o5t
k7;1 sint
(©)
= 2t; yzkzsinz—:kz—1 1eos .
z z 1'cos2 isin
Xx+C= dx= Kk%sinf-d = kz'Td = K21



yx=0=0) C=0:

(d) We need to determine flrst.

2 Yo 1jcos

—=== .. 1:401:
1 Xo isin >

1= x, = K2 izs'” > k... 2:193:

Section 2.4
5. It’s linear equation.
2t 3t?
)=—-3; )=—=:

Since both p(t) and g(t) are continuous for j2 <t <2, and to = 1 is in this interval, so the solution
y(t) exists in the interval (j2;2).

27. (a)
n=0: y' + p(t)y =1q(£):
»(O)=exp p)dt; y(t) = NG »(Da(t)dt:
n=1: y' +p(y =3y - y' = () i pH)y:
y(t) =exp (q(t) i p(t)dt:
(b)

yihy +p(yti" = q():
vyt = (g n)y Y = (i n)lac) i p(y it = (i n)lat) i ptvl:
v+ (1§ np(v = (L i n)g(d):
It is a linear equation for v(t). We can solve for v(t) and then y = v¥*(im,

3B.For0=te=1],
Z
Yy +2y =0; y(0) =1 y(t) =y(0)exp(i 0 2dt) = ei2t:

From the solution above, y(1) =ei?. Fort>1,
Z t
y'+y=0; y()=e* Dy =yDexp(i 1d)=ei%lit=eilit

1

Soy(t) =ei?tforO=te=1,y(t) =eilitfort>1.



3 Solution to Homework 3

Section 2.6
1.
M, =e*cosy j 2sinxX = Ny;
so it is an exact equation. Integrating
= M(X;y) = eXsiny j 2ysinx;
we have
~ =e*siny + 2y cos x + h(y):

Setting "y = N(x;y) we have h” = 0 so we can let h = 0. Therefore the solution to the difierential
equation is
“(x;y) =e*siny +2ycosx = C:

M, =e*cosy +3 6 (3 i e*siny) = Ny;

so it is not an exact equation.

21.
My =16 2= N,;
but
("M)y = 2y = (”N)X:

Integrating

AX = 11M = yzl
we have

T =xy? +h(y):

Setting ~y = ,,N we have
7
2xy +h'(y) =2xy i y’¢* D h'(y) = iy’ D h=j y’dy = je'(y* i 2y +2) +C:

The solution to the difierential equation is

xy? i e(y? i 2y +2)=C:

25.
My i Ny =3x? +2x + 3y? j 2x = 3(x* +y?) = 3N:

So we can let ,, be a function of x, and

dn . My i I\IX —_ — ~3x.
dX_T"_?)”)"_e -




Integrating

x = M = e¥(3x%y + 2xy +y°);

X(X y 3 )'

Setting "y = ,,N we have h’(y) = 0 so we can let h = 0. The solution to the difierential equation is

3
T =e¥(x%y + y§) =C:

Section 2.7
2. Given y' =2y j 1 and y(0) = 1, Euler method is
Yn+1 =Yn+h@ynil); yo=1
We calculate the solution at t = 0:1. For h = 0:1, it requires only 1 step.
Yi=VYo+h(2y, j1l)=1+0:1=11:
For h = 0:05, it requires 2 steps.
y1 =Yo+h(2yo j 1) =1+ 0:05 = 1:05;

Yy, =y1 +h(2y; j 1) = 1:05+ 0:05-1:1 = 1:105:
For h = 0:025, it requires 4 steps.
Y1 =Yo+h(2yp i 1) =1+ 0:025 = 1:025;
y> =Yy; +h(2y; j 1) = 1:025 + 0:025-71:05 = 1:05125;
y3 =Y, +h(2y, j 1) = 1:05125 + 0:025-71:1025 = 1:0788125;
ys =Yy3 +h(2ys j 1) = 1:0788125 + 0:025-71:157625 = 1:107753125:
The exact solution of the difierential equation is

er +1 e0:2 +1
> DY) = —

y(t) = ... 1:1107:
The error in y(0:1) calculated by Euler method is smaller for smaller h.
6. If y(0) =0, y(t) - 0, which is an equilibrium solution.
If y(0) > 0, y*(0) > 0, y(t) increases until yt = 3, after that y’ < 0 and the solution converges to
the hyperbola y = 3=t from above.
If y(0) <0, y'(t) < 0 for all t > 0, the solution diverges to j A1 at flnite t.
9. y' > 0 except for t =y = 0. All solutions diverge to 1 at flnite t.

Section 2.8



7. Z,

The(t) = . (s™h(s) +1ds; o(t) =0:

Zt
()= lds=t:
0
Zt t3
() = (s¢s+1)ds:§+t:
0
Zt S3 t5 t3
“3(t) = S(=+s)+1ds=——+ -+t
= (5 +9)+Dds= gz + 3
Zt 5 3
S S t’ vt
() = S(—— + — +5s)+ 1)ds = + + — + 1t
O= gty It =rra st
Upon inspection, it becomes apparent that
3 5 thil

t t
Ta®) =t+ =+ —— + 000+ ;
n(®) 3 5¢3 2nj1)¢t(@2nj3)tee5¢3

Asn ¥ 1, " (t) converges at any t.

10. Z .
naa(®) = (1§ R(s))ds;  o(t) =0
0
Z t
()= lds=t:
0
Z, “
)= @Qisdds=tij
0 4
Z t S t4 3t7 3t10 t13 -

4
~5(t) = PGP )P )ds=ti—+o § T
= Qi Gi NS =ti 7+ 201 765 % 53

Although the solution exists for all t > 0, ~,(t) appears to converge for small t but diverge for large
t.
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4 Solution to Homework 4

Section 3.1

20. The characteristic equation is

1
2 i3r+l=(rih@ri)=0dr=lorr==2
y(t) = cie' +cez D y°=cle‘+%e5:
0 1 Co 1 )
y(0) =2 y(0)25)01+c2:2; Cl+?:§)01: il, ;=3

y(t) = je' + 3ez;
To flnd the maximum value of y(t), let

9

y'(t) = iet+ge§:0) t:2|ng)y,\,I :y(t):Z;

To fInd the point where y(t) =0, let

y() = jet+3e2 =0 t=2In3;

21. The characteristic equation is

Pijri2=@ri2)r+1)=0>)r=2orr=jl

y(t) = cie® +ceit )y = 2ce™ j cpeit:

yO) =fi; yY(0) =2 ci+c;=fi; 20 i =2 ¢; = Z%ﬂ: C = Zf'; 2:

2+ fi 2fi j 2 .
t) = 2t+ it.
y(t) 3 © 3 °©

y(t) ¥ Oast ¥ A if and only if the coe—cient of et in y(t) is 0, which requires

+ fi
Z_fl =0)fi=j2
3
27. (a) If y - y. is a solution, then

d

ay' +by'+cy =cye=d D ye =

(b)
Y=yivVed Y =y% Y'=y"Dar?+oY'+c(Y +yo)=d D ayP+by'+cy =0:
Section 3.2
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25.

yli2yl+ys=¢e'j2et+et=0:

Yy i 2Y5 + Y, = (te' +2e%) j 2(te' + ') + te' = O

Since y,=y; = tis not a constant, y; and y, are linearly independent, and so constitute a fundamental
set of solutions. Alternatively, we can verify the linear independency by checking the Wronskian
determinant of y; and y, at 0,

W(0) = [ysys i y2y2](0) =1¢1 0¢1=160:

217.

(1§ xcotx)yy  xyl +y; =0 j x+x=0:

(1§ xcotx)y? j xys+y, = (1§ xcotx)(j sinX) j X CosX+sinX = j SiNX+XCOSX j X COS X+sinXx = 0:
Since y,=y; = sinx=x is not a constant for 0 < x < .., y; and y, are linearly independent, and so
constitute a fundamental set of solutions.

28. (a) The characteristic equation is

Piri2=@Fi2)r+1)=0>)r=jlL2

So yi(t) = eit and y,(t) = e? are two solutions. Since y,=y; = €% is not a constant, y; and y,
are linearly independent, and form a fundamental set of solutions. Alternatively, we can obtain the
same conclusion by verifying that their Wronskian is nonzero.

W (y1;Y2) = yi(O)y5(t) i ya(t)yi(t) = 3e' & 0:

(b) We notice that
Y3 = i2Y2; Ya=Y1+2Y2; Y5 =2y1 i Y3 =2y1+4ys:

Since ys3, Y4 and ys are linear combinations of y; and y-, they are also solutions of the given linear
equation.
(c) A pair of solutions is a fundamental set of solutions if and only if their Wronskian is nonzero.

W (y1;Ys) = W (Y1 i2y2) = i2W (y1;Y2) & 0 [y1;Vys3] is a fundamental set:

W (y2;y3) = W(y2; i2Y2) = i2W(y2;Y2) =0 D [y2;ys] is not a fundamental set:
W (y1;¥4) = W (y1;y1 + 2y2) = 2W (y1;Y2) & 0 ) [y1; V4] is a fundamental set:
W (Y4;Y5) = W (y1 + 2y,; 2y + 4y,) = 2W (Y4;Y4) = 0 D) [ya; ys] is not a fundamental set:

31.

»2
YOSy (] S)y =0:
X X
1 g z dx
p(x) = X D> W =exp(i p(x)dx) = exp(i Y) = giInx+C —

x | >
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34. )
yo + Eyo +ely =0

Z Z
p(t) = % D W =exp(i p()dt) =exp(i ZTdt) — gi2lnt+C — téz:
Wiy = 5 =23 A=2> Wny)6) = 5 = =

Section 3.3

19. The characteristic equation is
rrj2r+5=(rjl)?+4=0)r=182i:
y(t) = cie'cos 2t + cyetsin 2t:

Y(5) =0 & =0 y(t) = coe'sin2t 3 y'(t) = coe'(sin 2t + 2 cos 2t):

y°(§)=2) ;= qeiz ) yt) = jetizsinat:

36. Assume y(t) = t" is a solution to the equation, then
ninj D" +4nt" +2t" =t"(n>+3n+2) =t"(n+1D(n+2)=0) n=jlorn= j2

So the general solution is
y t 2

13



5 Solution to Homework 5

Section 3.4

4. The characteristic equation is

N w

?+12r+9=0Q2r+3?=0)r=r,= j=:

y(t) = el %t(Cl + Cot):

10. The characteristic equation is

1 1 il8i
22 +2r+1=2[(r+2)>+>]=0>r, =} §I:
2 4 2
. t .t
y(t) = e'5(01 Cos = + ¢, Sin 2):
2 2
16. The characteristic equation is
1 1 1
24+ = £ )2 =0 = = _:
rir+t,=0is) dn=r=;

V() = eb(er +cit) D YD) = eb (e + 5 + )
y(0)=2; y'(0)=b D ¢, =2 02+%=b) ci1=2;¢c,=bjl
y(t) =ez[2+ (b i L)t]

The critical b that separates y(t) between growing up and down ast ¥ 71 satisfles

bjl=0)b=1

28.
Vi Xy Ty =0
Xijl Xijl
2 exp(i * p0)dx)
X _ . X _ eEXpli )
Y1 —: , p(X) = 5 1 y2(X) = y1(X) v2(x) dx:
Z exp & yA ex+|n(Xi1) YA i i
y2(X) = €* —eZXX' dx = e X = e*  (xj leiXdx=eX(jxe*) = jx:

41. Assume y(t) =t" is a solution to the equation, then
ninj D" j3nt"+4t"=t"(n> j 4n+4) =t"(Nj2)’=0D N, =n, =2

So the general solution is
y(t) = i t? + cot? Int:

14



Section 3.5

4. First solve the homogeneous equation.
y'+2y'=0D r(r+2)=0) y=c; +cei®"

Next we fnd the particular solution to y* + 2y’ = 3 and y” + 2y’ = 4sin 2t and add them up. For
y¥ + 2y’ = 3, since 0 is a single root of the characteristic equation, let Y; = at .

YP+2v)=2a=3) a:g)legt:

For y"+2y' = 4sin 2t, since 2i is not a root of the characteristic equation, let Y, = asin 2t+b cos 2t.

. . . 1
Y) +2Y) = jdasin2t j 4bcos2t + 4acos2t j 4bsin2t =4sin2t ) a=b = i

So the general solution is

. . 3 sin 2t + cos 2t
A e O R s

11. First solve the homogeneous equation.

P P p_
Yo+y +4y =0 (r+ )2+E—0) = 1§¥|)y—e'2(clsln¥t+c2cos¥t)

Next we flnd the particular solution to y® +y'+4y = et and y* +y’+ 4y = jeit and add them up.
For y¥ + vy’ + 4y = ¢!, since 1 is not a root of the characteristic equation, let Y; = aet .

1 1
YP+Y!+4y, =2a=¢'(a+a+4a)=¢") azé)leéet:

For y" +y'+ 4y = jeit, since j1 is not a root of the characteristic equation, let Y, = aeit.

- 1.
Y2+ VY +4Y,=eil(aja+da)= e't)a—. D Y=ige eit:

So the general solution is
"1 P15 1 1 it

t 15
t) =elz in—t+ )+ Zet; =
y(t) =etz2(cysin > C, COS > ) 6e .4e

14. First solve the homogeneous equation.
Yl+4y=0Dr2+4=0) r=82i ) y =c;c0s2t+ C,sin2t:

Next we flnd the particular solution to y* + 4y = t2 and y” + 4y = 3e! and add them up. For
y¥ + 4y = t2, since 0 is not a root of the characteristic equation, let Y; = at? + bt +c .

-l>||—‘

Y +4Y, = 2a+4(at? +bt+c) = 4at’ +4bt+4c+2a=t* ) a=

15



For y" + 4y = 3et, since 1 is not a root of the characteristic equation, let Y, = ae'.

Y2°°+4Y2:et(a+4a)=3et)azg)Yzzget:
So the general solution is
2 1 3
= 2t +Cysin2t+ — j = + —et:
y(t) = ¢ cos2t + ¢, sin 2t 713 5e
0 i . t 3.
y(t) = .chsm2t+202c052t+§+§e.
1 3 3 19 7
0)=0; y'(0) =2 i-+-=0 2c,+-=2 = j; Cp=
y(0) y (0) )0118 5 C2 5 D Xv} 70 C2 10
1 7 . 2 1
y(t):i4—30052t+1—05|n2t+%i§+§et:

17. First solve the homogeneous equation.

V'4+4y=0Dr?+4=0) r=82i ) y=c,cos2t+c,sin2t:

Next we flnd the particular solution to y® + 4y = 3sin2t. Since 2i is a root of the characteristic
equation, let Y = atcos 2t + btsin 2t.

. . 3
Y®+4Y = jdasin2t+4bcos2t = 3sin2t ) a= i b=0)Y = j->tcos2t:

Bl w

So the general solution is

. 3
y(t) =cicos2t +c,sin2t Zt Cos 2t:

y'(t) = j2cisin2t + 2¢, cos 2t 2 cos 2t + §t sin 2t:

w

1
yO) =2, Yy'0)=ilda=220i-=ildc=2c= ig

n

1. 3
y(t) = 2cos 2t j gsm 2t j ZtcosZt:

16



6 Solution to Homework 6

Section 3.6

5. First solve the homogeneous equation.
Yl+y=0Dr*+1=0) r=8i)y; =cost; y, =sint:
The Wronskian determinant of y; and y; is
W =vy1y5 i y2y) = costcost+sintsint = 1:

The general solution to y¥ +y = g(t) = tant is

Z Z
_ . y2(t)g(t) y1(t)g(t)
y@® = .yl(t)Z o) dt +y;(t) e dt
12
= jcost SI(l’ttdt+sint sintdt = jcost (sect j cost)dt+sint(j cost+ c,)

= jcost[in(sect+tant) j sint j ci] +sint(j cost+c,)
i costin(sect+tant) +cycost+cysint:

10. First solve the homogeneous equation.
Y iy +y=0D>(ri)’=0>dn=rn=1)y =y, =t
The Wronskian determinant of y; and vy, is
W =vy1y5 i yoy) = elef(t+1) j te'e' = et
The general solution to y¥ § 2y’ +y = g(t) = e'=(1 + t?) is

% 9 Y1 (D3O

W (1) wo o

Z
yi) = iyi(®) dt +y,(t)
Z Z

t 1 1
t t — =t 2\ - t
—1+t2dt+te —1+t2d = .e[iln(1+t) i C1] +te'[arctant + c;]

D

etIn(l + t?) + te'arctant + c,et + c,tet:

N~

13. The homogeneous equation is an Euler equation
ty" 2y =0
1
y=t"dnnil)i2=nid(n+1)=0Dy, =t Yo =3
The Wronskian determinant of y; and vy, is
1
W =yiy; i Yo = (i) i (2= i3

17



The general solution to ,
Y'igy=90=3ig5

Z Z
y2()g(t)
W (D) dt + y,(t)

At 51 17 3251
dt+ —
i3t t

1 1
= tZInt+§+(cl i §)t2 i

y1(D)g(t)

VO = i W

Z
= it2

dt

1 1
dt = t’[Int+ — +cq] i ﬁ[ﬁ i t+c

6t

1 1
=tInt+ 5 + {t? +c°2¥:

W[ -
¢-|-II—‘ w

14. It’s easy to verify that y,(t) = t and y,(t) = te' are two independent solutions of t2y” j t(t+
2)y" + (t + 2)y = 0. The Wronskian determinant of y; and v, is

W =y1y) i Yoy; = te'(t+1) j te' = t%"

The general solution to
i +

S A g(t) =2t
is
_ . Y2(t)9(t) Y1(t)9(t)
t
= jt te,cz—¢et2'[dt+tet t¢2t = jt(2t j c) +te'(j2eit+cy) = j2t% j 2t + it + Cotel:

31. . .
yOO i (1 -+ —)y0 +-y= te2t:
t t
1
PO =i+ 9= te’; yi() =1+t

The Wronskian determinant is
Z

W) =exp(i p(t)dt) = te:

The other linearly independent solution is

Z
_ W(t) et _ et _ .
The general solution is
z z z VA

_ y2(Dg(t) yi(Qg(®) . _ . ettte? o (t+D)cte”

YO = ivi® Tyt SpTdts i) —odive et
Zt -
= .(t+1)(—|cl)+e(te +¢y) = 21e2t+c(t+1)+c2e

18



32.
t

1 i
0 ). _ it
y+1ity'1ity_2(1't)e'

: g(t) =2(1 i t)el’; yi(t) =e"

p() =

The Wronskian determinant is

t’

YA
W) =exp(i p(tdt) =e'(1 j t):

The other linearly independent solution is

Z
_ W) _ e(lit)
Y2(t) - yl dt yf(t) =€ dt ezt

=eltteit =t

The general solution is

Z Z - it -
2000 40 oy 19O G L 2 ieT, o 2000

z
yo = 0 S W (D) S @i o

1. ] 1 .
= et[(t+E)e'2t+cl]+t[i2e't+c2]=(§ i Deit+ et + oot

Section 3.7

13. The angular frequency of the undamped motion u” +u =0 is !, = 1. For damped motion,
the characteristic equation

v 2
2 4 +1= =:_8i 13 —:
r r 0> r=j 5 8i i
q 2
The quasi angular frequency is ¥ = 1§ . Setting
2.. 32.
T= T 1:5Ty = 21, 3.
we have
_ 2P
=3 5

14. The balance of the spring tension with the gravity on the mass gives

_ k _ 9.
mg = kL ) iR
Let u be the distance of the mass from the equilibrium position, then
d k d 2
L
04 = 1 = = g T=="=2. =
mu'+ku=0>)1 - L D) i g



24, .
2k

2...
1 = 3,...—T—T)!—Z)k—G.
u(t) = Asin(1t+ 7)) = 3sin(2t + ):

u( =3sin-=2) sin‘:gz
q— p_
v=u'(0)=6cos~ =86 1ijsin° =82 5

Section 3.8

11. (a) The equation of motion is
mx¥+ X'+ kx =F = Fycos It

In the units of ft, Ib and sec, m = 8=g = 8=32 = 1=4, = 0:25, K = mg=L = 8=6 = 4=3, Fy = 4,
I = 2. Let the steady state response be

x =Rcos('t j -);

then
Focostt=mx"+ x'+kx=R[(k j m!I®)cos(1t§-) i !sin(Itj-)]
P kK jml!?
= R (kjml!2)2+( 1)2cos(!t j —+arccot$)
SO - i mi2
R=p 0 . _ = arccot— 1"
(ki mi2y2+( 1y !
(b) We seek the m that maximizes R with Fq, I, k and flxed. Obviously it happens when
k
kim!l?2=0) m= 4
15. ForQ=te= .,
u"+u=Fot; u(0)=0; U'0) =0 D u(t) =Fet j Fosint:
u(..) = Fo..; U'(..) = 2F:
For .. ete2.
U’ +u="Fo2.. it ul.)=Fo. U()=2F D) u(t)=Fy2. jt)i3Fysint:
u(2.) =0; u'(2.) = j4Fy:
For 2.. = t,

uW+u=0; u@.)=0; U'Q2.)= i4F; D) u(t) = j4Fgsint:
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7 Solution to Homework 7

Section 5.1

4. Apply the ratio test:
j2n+1 n+lj

Wy A
Hence the series converges absolutely for 2jxj < 1, or jxj < 1=2. The radius of convergence is
= 1=2.

8. Apply the ratio test:

lim J(n+ XN _ I|m o Xj= lim — 1 i = 1.
nI1j(n+1)M*Inix"j  nr1 (n+1)" J_n!1(1+%)”“_ e’

Hence the series converges absolutely for jxj=e < 1, or jxj <e. The radius of convergence is % = e.

13.

1

;; (|nx)00 = i%; (Inx)°°° = %; (Inx)0000 - i% ----- (|nx)(n) = (i )" 1(n i )!:

(Inx)" = v

IN1=0; (INX)’(M) =1; (Inx)"(@) = il;:::; AInx)™W (@) = (i D" (n § D

X Q)
Inx = M(Xil)”— G &L
n=1 ' n=1 "
Apply the ratio test:
. _1\n - n+1;
NGO D™ i im —2 = jx 1

W1 j(n + (i DX § 1) WiTe1

Hence the series converges absolutely for jx j 1j < 1. The radius of convergence is % = 1.

23.
X X . X X X X X
X  nax"it+  ax<= nax"+ ax"= nax"+ ax"= (n+1ax"
n=1 k=0 n=1 n=0 n=0 n=0 n=0
26.
X ) X X
nanx"it+x  ax"= (n+Dapa X"+ ax™?
n=1 n=0 n=0 n=0
X X X
= (n+ 1Dap+ X" + an;1X"=a;+  [(n+1)ans +an; XM
n=0 n=1 n=1

21



8 Solution to Homework 8

Section 5.2

— Pl n
1L Lety= __,anx",

X -
y'= " n(nijlax"2= (n+2)(n+ Dap+X":
n=2 n=0
0 .y — ; n_ _ an ) )
yljy= n:0[(n +2)(Nn+ Dan+2 i an]X" =0 ap+2 = n+1)n+2) n, o
_ 8, _ _@do..... _ Qo .
az—ﬁ, a4—E ..... dopn = (2n)|
_Q, _ _a ... _ a
dsz = a, ds = g ..... on+1 — m
The general solution is
y(X) = agy1(X) + ary2(X);
in which X o X e
yi(x) = 0 Y2(X) = VZPURrIYE
o (2n)! o 2n + 1)!
Pl
21. (a) Lety = _,anX",
X ) X
y'=" nnijDax"i2= (n+2)(n+ 1ap:oX™
n=2 n=0
X X
xyY= na,x"=  na,x"
n=1 n=0
0 0 X n 2nij,
Yy i2xy +.,y= n:0[(n +2)(n+Dane2 i 2n i ,)aX" =0 ansz = n+rDn+ "> 0:
i, i.(41i, i-.Gi)::(4njd;,
S FYPO FICH I RSP HCL >(2n()! i4i.),
20, .. _@i)6i,)_ ... _@i)6iL)@ni2i,) |
ds = 31 adi;, dg — 5 i, il don+1 — (2n T 1)| ai:

The general solution is
y(X) = agy1(X) + ary2(X);
in which
i-4i.):@njdji,
(2n)!

2i.5, Qi.)6i.) (i.)6i0.):Gni2i,) ons .
3:! x3 + 1 5!' xC + 0+ 21 '(2n+1)! L L 1

)x2”+¢¢¢:

- - 4-
yi(x) =1+ %x2+%x4+¢¢¢+

y2(X) = x+

22



(b) If , = 2k, where Kk is a nonnegative number, then depending on whether k is even or odd, either
y1 or y, becomes a polynomial.

», =0y =1; > =2 Yo =X; », =4y =1j 2x5
2 4 4 4
,=6:y2=xi§x3; ,=8:y1=1i4x2+§x4; ,=10:y2=xi§x3+1—5x5:

(c) Hk(x) is obtained by multiplying the polynomial corresponding to , = 2k by an appropriate
constant so that the coe—cient of xK is 2K,

Ho = 1; H;, = 2x; H, = 4x% § 2
H; = 8x3 j 12x; H, = 16x* j 48x° + 12; Hs = 32x° j 160x3 + 120x:
Section 5.3

F)l
10. (@) Lety = _,anx",

= w2\ 0 — - w2 )K“ - niz__)K: - - n.
Qix)y =Qix?) nnilax"=[(n+2)(n+1)an i N(n i an]x™
n=2 n=0
X X
xyY= na,x"=  na,x™
n=1 n=0

S
Y ixyl+fily= [(n+2)(n+Daner i (NN § 1)+n j fi¥)a,]x" =0

n=0
an+2 = (n _Czl)i(:i_ 2)an; n,o0:
a, = %!izao; ay = s ﬁz(i!i 1:iz)ao; N i fi2):é2:r(]§?n P2 fi2)ao:
8, = 1i3—!ﬁ2a1; 8 = (1j fizz_)(!9 i ﬁz)al; s = (1 fi®)O i f(lZ)n+§§?n i 12 ﬁz)al:

The general solution is
y(X) = agy1(x) + ary2(X);
in which

flz) 2n .
2! 21 @n)! XTrtee

- £i2 - £i2 - £12 - fi2 - £i2) ... - 2 - £:i2

1|f| X3+(1|f| )(9|f| )X5+¢¢¢+(1Ifl )(9|f|)((2n|1 |f| )X2n+1+¢¢¢:
3! 5! (2n + 1)!

(b) If fi is an even number, y; becomes a polynomial; if fi is an odd number, y, becomes a polynomial.

(©

y2(X) = x+

fi=0:y;=1; fi=1l:y,=x; fi=2:y;=1j2x% fi:3:y2:xigx3:

23



FDl
22. Lety = __,anx",

X
AixXY'=@ix)  nnibax"?= [(n+2)(n+Dansz i NN § Dan]x":
n=2 n=0
X X
xyY= na,x"=  na,x"
n=1 n=0
X
@iy i 2y’ +fiffi+ 1)y = [(n+2)(n+Dansz i (N(N i 1) +2n j fi(fi + 1))a,]x" =
n=0
_nin+1)jfi(fi+1) (Fiinh+fi+l) _
e = T DM T mrpmry -0
&= i f|(f|2-!l- 1)610;aZn = (i 1)nfl(fl + 1) (fi § 2)(3+ i) (2n§1|‘| i2n+2)2njl+ ﬂ)ao:
4= i (fi § 1;52 + fl)al;{312n+1 = (1) (fi § D@ +Ti)(fi § 3)(212;]L :‘Ll)l:):!: (fi § 2n+1)(2n + ﬂ)al:

The general solution is
y(X) = aoy1(X) + ary2(X);
in which

X ficfi + 1)(fi § @+ i) (fi i 2n+2)@n § 1+6i) 4,

yi(x) =1+ n=1(i )" ol
Y2(X) =X+ (i 1)n (fl 1 1)(2 + fl)(fl 1 3)(?‘2:]' j_')l)l . (fl i 2n + 1)(2n + f|) X2n+1:
n=1 H

23. If fi = 2k, where k is a nonnegative integer, y; becomes a polynomial of order fi.
fi=0:y;=1; fi=2:y;=1j3x% fi=4:y;=1ij 10x2+§x4:

If fi = 2k + 1, where k is a nonnegative integer, y, becomes a polynomial of order fi.

. . . 14 21
fi=1:y,=x; f|:3:y2:xi§x3; f|:5:y2:xi?x3+§x5:

Section 5.4

x?y" j 5xy’ + 9y = 0:
The indicial equation is
FIOD=r(ril)ibsr+9=(i3)?=0)r=r,=23:

The general solution is
y(x) = x3(cy + ¢z Injxj):

24



20.
0 2 0

4
+ + =0
y x3(1 i x)(1+x)y x2(1 j x)(1+x)y
The three singular points are 0, 1 and 1. Near x =0,

lim xp(x) = lim x 2 = lim 2 does not exist:
xrg PO =00 x3(1 § X)(1+X) xr0Xx2 '

So x = 0 is an irregular singular point. Near x =1,

2 i2

lim(x 1 Dp(x) = lim(x i 1))(3(1 e L‘mm =l
- - — i - 4 o AQix)
MO %969 = limex i 1)2x2(1 i X)1+x) x1ix2(1+x) >

So x =1 is a regular singular point. Near x = j1,

2 . 2
31§ x)1+x) N x3(1 i X)

XIiml(x + 1p(x) = XIiml(x +1) =il

4 L 41+x)
X1 i x)A+x) N x2(1 i x)

lim (x + 1)%q(x) = lim (x + 1)?
x¥ il x¥ il
So x = j1is a regular singular point.

22.

72

1
0, =\ - — 0
Y+ oy 1 Gy =0

The only singular points is 0. Near x =0,
lim = lim 1 1
XI!OXp(X) ~ oxi T

172

a0 = e i ) =l s 7 = i

X2
So x =0 is a regular singular point.

33.
X 4

sin X sin X
The singular points are the zeros of sinx, ie., X = n.., where n is any integer. Near X = n...,

yOO + yO +

y =0:

M _ ) (z+n.)z = lim(j 1)”(2 + n)i = (il)nn...:

lim (X j n..)p(x) = - —
x!n...( i - )p(X) sin X z=xin.210siN(z +n.) z¥0 sinz

lim
x1n.

- 2 2 2
z

- - 2 _ -
x“!T...(X in.)7q0) = x“m N0 sinz

'n. sinx  z=xin.¥0sin(z +n..)
So all singular points x = n... are regular singular points.

25



9 Solution to Homework 9

Section 5.5

8.
2x2y" + 3xy’ + (2x% j 1)y = 0:

It’s easy to verify that x = 0 is a regular singular point. The associated Euler equation is

2x2y"+3xy' jy=0:
The indicial equation is
FN=2rri)+3rjl=2r+rjl=Qri)r+1)=0>D rlzé; r,=il:
Since ry j r, = 3=2 is not an integer, the solution can be written as
X
y(x) =x"  an(r)x™;
n=0
where r = rq or r».
) X
xXY'=xx> (+nh+rijlax"2=x" m+rh+rilax™
n=0 n=0
X -
xy'=x"x  (n+na,x"it=x"  (n+r)a,x"
n=0 n=0
, X
2x* i D)y =x"T (Qan;2 i an)X" i (a0 +ax)]:
n=2
X
2x2yY 4+ 3xy" + (2x2 § D)y =X [F(n +r)a, + 2a,;2]x" + F(r)ay + F (r + 1)a;xg = 0:
n=2
F(ry) =F(ry) =0, so aq is arbitrary, we setap =1. F(ry; +1) &0, F(r, +1) &0, so a; =0.
an = i 2 an:io = il an:io; N , 2
"R+ T r+nir)(r+nin) TS
_ G- :
8n(r) = (r+2ijr)r+2jin):(r+2njr)r+2nijr)
2 (1)) = ay" _ Gy" :
MUY T @+ 2(ri i ) i @n+2(ri i) n(@+3)::(4n+3)
X (- 1)n
= 17211 4 1 2ny.
y109 =L o i@ +3) i (@n+ 3)X I
- 1 n - 1 n
aon(Fs) = (il) _ (i)

NEA+2(r, ir)::(@n+2(rp i) nl@i3:::(@nij 3):
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X (i)
- n'(4i3:::(4nj3)

y2(x) = x 11 + 2

The general solution is
y(X) = c1y1(X) + cay2(X):

X2y" § (¢ +3x)y’ + (x +3)y =0:
It’s easy to verify that x = 0 is a regular singular point. The corresponding Euler equation is
x?y" § 3xy' + 3y = 0:
The indicial equation is

FO=rrijl)i3r+3=r>j4r+3=(i3)ril)=0>nrn=3r=1

Since ry j rp = 2 is an integer, here we only look for the solution in the form

p_ ¢
y(x) =x"  an(nx"
n=0
wherer =r; = 3.
X ) X
XYP=x"  (n+r)(n+rjlax"?=x"  (n+r)(n+rjDax"
n=0 n=0

(2+3x)y =xT  ((njl+r)ag;;+3(n+r)a,)x" + 3rag):
n=1

X
(xX+3)y =X (an;1+3an)X" + 3ay]:
n=1

XYV i P +3XY + (x+3)y=x"F [F(n+na, i (nj2+r)a,;1]x"+F(r)a,g=0:
n=1

F(ry) =0, so ag Is arbitrary, we set ap = 1. Forn , 1,

a:'ni2+ra-: r+nij?2 o
B (0 R I G I Y M

ril:::(r+nj?2 _

r+lir)r+1lin):@r+njr)r+nijr)
2 .
ni(n+2)’

an(r) =

an(ry) =

Therefore
2

e =XLr Gy

n

x":

27



Section 5.6

13.

x?y? +xy’ § xy = 0:

It’s easy to verify that x = 0 is a regular singular point. The corresponding Euler equation is

x?y" + xy’ = 0:

The indicial equation is
FI)=rril)+r=r*=0)r,=r,=0:
Since ry = ry, we flrst find the solution in the formy = x" Pnl=0 anX", wherer =r; =0.
X X

X
XyP=x" (n+n(n+riiDax” xy'=x" (n+nax”; xy=x" an;x™
n=0 n=0 n=1

XPYyP+xy' i xy =xF [F(N+1)an i an;1]X" + F(r)ag = 0:
n=1

F(ry) =0, so aqg Is arbitrary, we set ap = 1. Forn , 1,

o = Er y D an(r) = -
TR+ it rypponit D an r+ D2 (r+n)?
For y;(X), r =r, =0,
0 X yn
Yi1(X =1+ R
n=1 (n!)2
For y,(x), since r, =ry,
X
y2() = yi(X) Inx +x™*  b,x™
n=1
bp = al(ry) = 1 (52 ey 02 )’ __21+%+:::+%_
nTEYY T vz (r+n2r+1 7 r+n’ ! (n1)2
Therefore,
Ki+l+:+d
Y2(X) =yi(X)Inx § 2 2 nxn:
o1 (n!)?

16.
x?y" + xy = 0:

It’s easy to verify that x = 0 is a regular singular point. The corresponding Euler equation is
x?y" = 0:

The indicial equation is
FIN)=rril)=0)>)r=1r,=0:
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P
Since N =ry j rp =1, we flrst flnd the solution in the form y = x" nl:0 anX", where r = r; = 1.

X
XY'=x"  (n+r(+rijDax" xy=x"  an;x™
n=0 n=1

X2y +xy =x"F  [F(n+r)a, +an;1]x" + F(r)a,g = 0:

n=1

F(ry) =0, so ag Is arbitrary, we set ap = 1. Forn , 1,

a, = il apig = il
"TEr+n"" T r+n)(r+nil

Gan"

r(r+1)2:::(r+nj 1)2(r+n):

anj1 D an(r) =
Foryi(X), r=r; =1,

(i )™"

y1(x) = X[1 + NGER ) ;

For y,(x), since N =r; j r, =1,

y2(X) = ay1(X) Inx +x2 ¢ x™

n=0
a=lim(r j rn)an(r) =limray(r) =Ilimr il =il
= Jim(r i r)an(n) =limra) = fimr o =
=1 Forn, 1,
_ . 0 " )
Ch = E(rlrZ)an(r))(rZ)_((r+1)2:::(l’+ni1)2(r+n) (0)
- n - - - 2
_ (il) ( [ L |1)
(r+%:::(r+nj%(r+n)'r+1 r+njl r+n’ _,
_ (il)“i12(1+%+:::+”+1)+%-
ni(n j 1)!
Therefore, =
20+ 1+ + 1)+ 1
Y2(X) = fyi(X) Inx + 1+ (il)””( 2 ni1) X"
et ni(n j 1)!
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