
Chapter 2One-way ANOVA: Fixed fa
tor levels
2.1 Questions, assumptions and model1. What does one-way mean?One-way means that a single fa
tor is of interest.2. What are fa
tor levels?A fa
tor level is a parti
ular form or value of the fa
tor.(To understand what this really mean, we need examples.)3. What are the major questions on this topi
?(1) Determine whether or not the fa
tor level means are the same.(2) If the fa
tor level means di�er, examine(i) how they di�er(ii) what the impli
ations of the di�eren
e are
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36 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS2.1.1 Assumptions(i) r independent populations;(ii) Ea
h population follows a normal distribution N (�i; �2i ); i = 1; : : : ; r;(iii) Equal varian
e (but unknown): �21 = : : : = �2r = �2;(iv) r independent random samples Y11; : : : ; Y1n1 i:i:ds N (�1; �2)Y21; : : : ; Y2n2 i:i:ds N (�2; �2): : : : : :Yr1; : : : ; Yrnr i:i:ds N (�r; �2)Table 2.1: Format of data setFa
tor level Population Samplemean Observations Sample meanY11level 1 �1 ... �Y1�Y1n1... ... ... ...Yi1level i �i ... �Yi� , 1ni niPj=1YijYini... ... ... ...Yr1level r �r ... �Yr�YrnrBalan
ed data: n1 = : : : = nr (equal sample sizes)Unbalan
ed data: unequal sample sizes2.1.2 Major questionCompare population means �1; : : : ; �r



2.1. QUESTIONS, ASSUMPTIONS AND MODEL 372.1.3 Cell means modelYij = �i + "ij ; i = 1; : : : ; r; j = 1; : : : ; ni�1; : : : ; �r are mean parameters;Error terms "ij ; i = 1; : : : ; r; j = 1; : : : ; ni, are independent N (0; �2)2.1.4 NotationsnT , rXi=1 ni (The total number of 
ases in the study)�Yi� , 1ni niXj=1 Yij (Sample mean of the i-th fa
tor level)�Y�� , 1nT rXi=1 niXj=1 Yij = 1nT rXi=1 ni �Yi� (The overall mean for all responses)SSTR , rXi=1 ni( �Yi� � �Y��)2 (Treatment sum of squares)SSE , rXi=1 niXj=1 (Yij � �Yi�)2 ( Error sum of squares)SSTO , rXi=1 niXj=1 (Yij � �Y��)2 ( Total sum of squares)Formal development of partitioning.The total deviation Yij � �Y��, used in the measure of the total variation of the observations Yiwithout using any information about fa
tor levels, 
an be de
omposed into two 
omponents:Yij � �Y��| {z }Total deviation = Yij � �Yi�| {z }Deviation aroundestimated fa
tor levelmean(within group) + �Yi� � �Y��| {z }Deviation ofestimated fa
tor level meanaround overall mean(between group)The sums of these squared deviations have the same relationship:SSTO| {z }(nT�1 degrees of freedom) = SSE|{z}(nT�r degree of freedom)+ SSTR| {z }(r�1 degrees of freedom)It 
an be shown that SSE and SSTR are independent.



38 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS
Partitioning of Total Sum of Squares

SSTO

SSTR

SSE

2.2 F test equality of fa
tor level meansHypothesis testing problem:H0 : �1 = : : : = �r  ! Ha : not all �i are equal.Test statisti
: F , MSTRMSE ( F test)When H0 is true, F � Fr�1;nT�r.Two ways to make a de
ision:(i) When 
ontrolling the level of signi�
an
e at �, the de
ision rule is8<: If observed F � qf(1� �; r � 1; nT � r); 
on
lude H0If observed F > qf(1� �; r � 1; nT � r); 
on
lude Ha(ii) Report p� value, whi
h may be obtained viap� value , 1� pF ( observed F; r � 1; nT � r)A smaller p� value leads us to 
on
lude Ha.



2.2. F TEST EQUALITY OF FACTOR LEVEL MEANS 392.2.1 One-way ANOVA table Table 2.2: ANOVA tableSour
e df Sum of Squares Mean Square F-value Pr(> F )of Variation (SS) (MS) (p-value)Between treatments r � 1 SSTR MSTR=SSTRr�1 F = MSTRMSEError or Residuals nT � r SSE MSE= SSEnT�r(within treatments)Total nT � 1 SSTO1. Intuitive idea about F-test2. Derive F-test via the likelihood -ratio method



40 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELSExample. Data set: Ch.16, Problem16.12> x <- read.table("CH16PR12.DAT")V1 V2 V31 29 1 1......8 42 1 89 30 2 1......18 33 2 1019 26 3 1......24 22 3 6> mean.all <- mean(x[,1℄)[1℄ 32> ssto <- (length(x[,1℄)-1)*var(x[,1℄)[1℄ 1088> new <- 
bind(x, mean.all, x[,1℄) # add two extra 
olumns> new[,5℄[x[,2℄==1℄ <- mean(x[1:8,1℄) # repla
e 5th 
olumn if 2nd 
olumn is 1> new[,5℄[x[,2℄==2℄ <- mean(x[9:18,1℄)> new[,5℄[x[,2℄==3℄ <- mean(x[19:24,1℄)> new V1 V2 V3 mean.all x[, 1℄1 29 1 1 32 38......8 42 1 8 32 389 30 2 1 32 32......18 33 2 10 32 3219 26 3 1 32 24......24 22 3 6 32 24> sse <- sum((new[,1℄-new[,5℄)^2) # by definition[1℄ 416> sstr <- sum((new[,5℄-new[,4℄)^2)[1℄ 672



2.2. F TEST EQUALITY OF FACTOR LEVEL MEANS 41> BelowAverage <- x[,1℄[x[,2℄==1℄> Average <- x[,1℄[x[,2℄==2℄> HighAverage <- x[,1℄[x[,2℄==3℄

1.0 1.5 2.0 2.5 3.0

20
25

30
35

40

levels

da
ta

A B C
20

25
30

35
40

De�ne the data frame> data <- x[,1℄> levels <- fa
tor(rep(LETTERS[1:3℄,
(length(BelowAverage), length(Average), length(HighAverage))))> therapy.df <- data.frame(levels, data)levels data1 A 29...9 B 30...24 C 22The �rst step is often to look at the data graphi
ally.> plot(therapy.df) # dot plot



42 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS> plot(levels, data) # boxplotTo obtain the ANOVA table, type aov, and then summary.> anova <- aov(data~levels, therapy.df)> summary(anova) Df Sum Sq Mean Sq F value Pr(>F)levels 2 672.00 336.00 16.962 4.129e-05Residuals 21 416.00 19.81Various treatment means 
an be easily obtained as> model.tables(anova, type="means")Tables of meansGrand mean32levelsA B C38 32 24rep 8 10 6## Alternative form -- Fa
tor effe
ts model(
f. Se
tion 16.10 of the textbook)> model.tables(anova)Tables of effe
tslevelsA B C6 -1.700e-15 -8rep 8 1.000e+01 6> fitted(anova) # fitted values# (DON'T print it)What are the �tted values?



2.2. F TEST EQUALITY OF FACTOR LEVEL MEANS 432.2.2 Two samples with equal varian
es: t-Test  ! ANOVAAssumptions:(1) Two independent samples Y11; : : : ; Y1n1 and Y21; : : : ; Y2n2 ;(2) Yi1; : : : ; Yini i:i:ds N (�i; �2i ) (i = 1; 2);(3) �1 = �2, but unknown.Hypothesis testing problem:H0 : �1 = �2,Ha : �1 6= �2 (two-sided) or �1 > �2 or �1 < �2 (one-sided).Student's t-test: t = �Y1� � �Y2�Spq 1n1 + 1n2 ;where S2p = (n1�1)S21+(n2�1)S22n1+n2�2 is the pooled varian
e.When H0 is true, t � tn1+n2�2.F-test for one-way ANOVA: F = MSTRMSE = SSTRSSE=(n1 + n2 � 2) :When H0 is true, F � F1;n1+n2�2.Relationship between t-value and F-value: F = t2To see this, note thatSSTR = n1( �Y1� � n1 �Y1� + n2 �Y2�n1 + n2 )2 + n2( �Y2� � n1 �Y1� + n2 �Y2�n1 + n2 )2 = n1n2n1 + n2 ( �Y1� � �Y2�)2SSE = (n1 + n2 � 2)S2p



44 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS2.3 Diagnosti
s and remedial measures2.3.1 Basi
 assumptions, departures and remedial measuresAssumption DepartureConstan
y of error varian
e Non
onstan
y of error varian
eIndependen
e of error terms Nonindependen
e of error termsNormality of error terms Nonnormality of error termsPresen
e of outliersOmission of important predi
tor variables� Two methods for studying the appropriateness of a model(1) Graphi
 diagnosti
s;(2) Formal statisti
al tests with the null hypothesis being a basi
 assumption.� (Remedial measures) Two 
hoi
es if a model is not appropriate for a data set(1) Abandon the model and develop and use a more appropriate model;(2) Make some transformation on the data.2.3.2 Residual analysis� The ijth residual is the di�eren
e between the observed value yij and the 
orresponding �tted value �yi�.eij , yij � �yi�It 
an be easily obtained via resid> x <- read.table("CH17TA02.DAT")> data <- x[,1℄> brands <- fa
tor(rep(LETTERS[1:4℄,
(10,10,10,10))) # 4 fa
tor levels> rust.df <- data.frame(brands,data) # data frame> anova <- aov(data~brands, rust.df)> resid(anova) # DON'T print it!



2.3. DIAGNOSTICS AND REMEDIAL MEASURES 45> hist(resid(anova))> boxplot(resid(anova))> qqnorm(resid(anova))> qqline(resid(anova))> plot(fitted(anova),resid(anova),main="resid<-->fitted")> abline(h=0) Figure 2.1: Various plots for the residuals
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46 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS2.3.3 Tests for 
onstan
y of error varian
eAssumptions(i) r independent populations;(ii) Ea
h population follows a normal distribution N (�i; �2i ); i = 1; : : : ; r;(iii) r independent random samples Y11; : : : ; Y1n i:i:ds N (�1; �2)Y21; : : : ; Y2n i:i:ds N (�2; �2): : : : : :Yr1; : : : ; Yrn i:i:ds N (�r; �2)Hypothesis testing problemH0 : �21 = : : : = �2r  ! Ha : not all �2i are equal� The Hartley test (only for the balan
ed 
ase)Hartley test statisti
: H , maxfS2i gminfS2i gValues of H near 1 support H0, and large values of H support Ha.For a given �, use Table B.10 to obtain the threshold.It redu
es to the F-test when r = 2. (Explain the test intuitively).Solder joint pull strengths - ABT ele
troni
s example (p.765).> x <- read.table("CH18TA02.DAT")> data <- x[,1℄> var.types <- 
(var(data[1:8℄),var(data[9:16℄),var(data[17:24℄),var(data[25:32℄),var(data[33:40℄))> hartley <- max(var.types)/min(var.types) # The Hartley test is available (why?)[1℄ 10.44493



2.3. DIAGNOSTICS AND REMEDIAL MEASURES 47� The modi�ed Levene testThe modi�ed Levene test is essentially the F-test for an ANOVA table with the data set basedon the absolute deviations of the Yij observations about their respe
tive fa
tor level mediansmedian(Y_i.) dij , jYij �median(Yi:)jThe modi�ed Levene test statisti
:F �L , MSTRMSE = MSTR=(r � 1)MSE=(nT � r)where SSTR , rXi=1 ni( �di� � �d��)2SSE , rXi=1 niXj=1 (dij � �di�)2�di� , 1ni niXj=1 dij�d�� , 1nT rXi=1 niXj=1 dij = 1nT rXi=1 ni �di�
> x <- read.table("CH18TA02.DAT")To �nd group medians, type> group1.med <- median(x[,1℄[x[,2℄==1℄)> group2.med <- median(x[,1℄[x[,2℄==2℄)> group3.med <- median(x[,1℄[x[,2℄==3℄)> group4.med <- median(x[,1℄[x[,2℄==4℄)> group5.med <- median(x[,1℄[x[,2℄==5℄)or alternatively,> med <- for(i in 1:5){med[i℄<-median(x[,1℄[x[,2℄==i℄)med}



48 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELSNow dij is de�ned by> d <- x[,1℄-
(rep(group1.med,8),rep(group2.med,8),rep(group3.med,8),rep(group4.med,8),rep(group5.med,8))or alternatively,> d <- x[,1℄-
(rep(med, 
(8,8,8,8,8)))> d <- abs(d) # absolute valueSet up the date frame and then apply aov> types <- fa
tor(rep(LETTERS[1:5℄,
(8,8,8,8,8)))> d.df <- data.frame(types, d)> anova <- aov(d~types, d.df)> summary(anova)Df Sum Sq Mean Sq F value Pr(>F)types 4 9.3477 2.3369 2.9358 0.03414Residuals 35 27.8606 0.7960What is your 
on
lusion?



2.3. DIAGNOSTICS AND REMEDIAL MEASURES 492.3.4 Transformations of response variableTime between 
omputer failures at three lo
ations (in hours) { Servo-Data, In
. Example, page 773> y <- read.table("CH18TA05.DAT")V1 V2 V31 4.41 1 1...5 85.21 1 56 8.24 2 1...10 1.61 2 511 106.19 3 1...15 44.33 3 5There are 3 fa
tor levels in this 
ase. Sample sizes are the same (balan
ed 
ase).> y1 <- y[,1℄[y[,2℄==1℄> y2 <- y[,1℄[y[,2℄==2℄> y3 <- y[,1℄[y[,2℄==3℄> lo
ation <- fa
tor(rep(1:3,
(5,5,5)))> data <- y[,1℄> time.df <- data.frame(lo
ation, data)Look at the data graphi
ally. Outliers exist in groups 2 and 3.> plot(lo
ation, data)> plot(time.df)The varian
es may not be the same.> sd(y1) # 
he
k group sd[1℄ 42.29353> sd(y2)[1℄ 33.21828> sd(y3)[1℄ 127.1513 # sd(y3) is almost 4 times sd(y2)!# Constan
y of error varian
e isn't true.



50 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELSIt's ne
essary to perform the Hartley test.> hartley <- max(var(y1), var(y2), var(y3))/min(var(y1), var(y2), var(y3))[1℄ 14.65167 # From Table B.10,# H(1-0.05; r=3,df=5)=10.8# H-value > H(1-0.05; r=3,df=5)Constan
y of the error varian
e is violated. Don't apply the ANOVA method!The Box-Cox pro
edure is a useful tool. It identi�es a transformation from the family of power trans-formations on Y . The family of power transformations is of the formY 0 = Y �;where � is a parameter to be determined from the data.De�ne the Box-Cox transformation as below,> box.
ox <- fun
tion(lambda, x){if(lambda !=0) box.
ox <- x^lambdaif(lambda==0) box.
ox <- log(x)box.
ox}Now sear
h for an appropriate �.> box.
ox(.5, y1) # lambda=.5, y1[1℄ 2.100000 10.032447 3.801316 6.865129 9.230926> sd(box.
ox(.5, y1)) # 
he
k sd for transformed data[1℄ 3.415704> sd(box.
ox(.5, y2))[1℄ 2.985328> sd(box.
ox(.5, y3)) # lambda=.5 is not good.[1℄ 5.062526> sd(box.
ox(0,y1)) # try the log-transform[1℄ 1.319857> sd(box.
ox(0,y2))[1℄ 1.404844> sd(box.
ox(0,y3)) # seems OK.[1℄ 0.9044658



2.3. DIAGNOSTICS AND REMEDIAL MEASURES 51Consider the transformed data.> y1 <- box.
ox(0,y1)> y2 <- box.
ox(0,y2)> y3 <- box.
ox(0,y3)Perform the Hartley test.> hartley <- max(var(y1), var(y2), var(y3))/min(var(y1), var(y2), var(y3))[1℄ 2.412525 # From Table B.10,# H(1-0.05; r=3,df=5)=10.8# H-value < H(1-0.05; r=3,df=5)Constan
y of the error varian
e is satis�ed. Now apply the ANOVA method for the transformed data.> data.trans <- 
(y1,y2,y3)> trans.df <- data.frame(lo
ation, data.trans)> anova <- aov(data.trans~lo
ation, trans.df)> summary(anova) Df Sum Sq Mean Sq F value Pr(>F)lo
ation 2 11.4522 5.7261 3.7891 0.05302Residuals 12 18.1347 1.5112The residual Analysis is needed.
Question: whi
h � is the best 
hoi
e?It's hard to answer su
h a question. The more transformation you do, the better �tting modelyou may �nd. However, you may have diÆ
ulty to interpret the transformation, Y 0 = Y 1:003,say.



52 CHAPTER 2. ONE-WAY ANOVA: FIXED FACTOR LEVELS2.4 Statisti
al strategyIn this 
hapter we have learnt various ta
ti
s(i) ANOVA table(ii) Diagnosti
s: 
he
king of assumptions: 
onstan
y of error varian
e, normality, et al.(iii) TransformationA natural question arises: what order should these be done in?A re
ommended strategy isDiagnosti
s �! Transformation �! ANOV A table
The SENIC data set APC1.DAT page 1365-1366. It is a large data set with 12 variables.> seni
 <- read.table("APC1.DAT")In proje
t 18.30, a test of whether or not mean length of stay (variable 2) is the same in the four geographi
regions (variable 9) is desired. Before starting, you have to answer the following questions:Question 1. What is the fa
tor?Question 2. What are the fa
tor levels?Question 3. Is this a balan
ed or unbalan
ed 
ase?> y <- 
bind(seni
[,2℄, seni
[,9℄)> y1 <- y[,1℄[y[,2℄==1℄> y2 <- y[,1℄[y[,2℄==2℄> y3 <- y[,1℄[y[,2℄==3℄> y4 <- y[,1℄[y[,2℄==4℄Set up the data frame.



2.4. STATISTICAL STRATEGY 53> stay <- 
(y1,y2,y3,y4) # Is this equivalent to y[,1℄?> regions <- fa
tor(rep(LETTERS[1:4℄,
(length(y1),length(y2),length(y3),length(y4))))> stay.df <- data.frame(regions, stay)
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Look at the data set graphi
ally.> par(mfrow=
(1,2))> plot(stay.df)> plot(regions, stay)> abline(h=mean(y1),
ol=1) # The bar in the middle of a boxplot is the sample median,> abline(h=mean(y2),
ol=2) # not the sample mean> abline(h=mean(y3),
ol=3)> abline(h=mean(y4),
ol=4)What do you see? What are you going to do next?


